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Preface

The collation of large electronic databases of scientific and commercial informa-
tion has led to a dramatic growth of interest in methods for discovering structu-
res in such databases. These methods often go under the general name of data
mining. One important subdiscipline within data mining is concerned with the
identification and detection of anomalous, interesting, unusual, or valuable re-
cords or groups of records, which we call patterns. Familiar examples are the
detection of fraud in credit-card transactions, of particular coincident purchases
in supermarket transactions, of important nucleotide sequences in gene sequence
analysis, and of characteristic traces in EEG records. Tools for the detection of
such patterns have been developed within the data mining community, but also
within other research communities, typically without an awareness that the ba-
sic problem was common to many disciplines. This is not unreasonable: each
of these disciplines has a large literature of its own, and a literature which is
growing rapidly. Keeping up with any one of these is difficult enough, let alone
keeping up with others as well, which may in any case be couched in an un-
familiar technical language. But, of course, this means that opportunities are
being lost, discoveries relating to the common problem made in one area are
not transferred to the other area, and breakthroughs and problem solutions are
being rediscovered, or not discovered for a long time, meaning that effort is being
wasted and opportunities may be lost.

The aims of this workshop were to draw together people from the variety
of disciplines concerned with this common interest, and to attempt to charac-
terize more soundly the fundamental nature of their common interests. That
is, (i) we sought to break down barriers, so that advances in one area could be
communicated to others, and so that the common nature of the efforts could be
recognized and taken advantage of, and (ii) we aimed to distil the essence of the
common problem of pattern detection, so that the discipline could advance on a
sound footing.

The various literatures concerned with pattern detection have arisen from
practical needs. Perhaps inevitably because of this, there has been a heavy em-
phasis on the development of algorithms and methodology, with very little at-
tention being paid to the development of a sound theory. But a sound theoretical
basis is important, if one is to characterize those areas which need new research,
if one is to identify strategies for problems thought to be impossible, and if one is
to be able to transfer methodology between entirely different application areas.
Perhaps above all, a sound theory is important if one is to tackle the problems
which bedevil pattern detection, such as the occurrence of spurious patterns by
chance alone, patterns arising from data distortion, and the issue of patterns
which, though real, are of no practical significance or which are already well-
known. Without addressing issues such as these, pattern detection (and data
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mining more broadly) is likely to suffer a backlash as users find that the inflated
promises are not being fulfilled.
The workshop was made possible by generous funding from several sources:

— The European Science Foundation provided the bulk of the funding. Without
its support, this workshop would not have been possible.

— The Royal Statistical Society saw the value of what we were trying to do,

and its importance to statisticians, and to statistics as a discipline.

Barclaycard recognized the relevance of our aims for organizations such as

theirs.

Fair, Isaac also saw the potential importance of what we were trying to do.

To all these organizations we are very grateful.

July 2002 David J. Hand
Richard J. Bolton
Niall M. Adams
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Pattern Detection and Discovery

David J. Hand

Department of Mathematics, Imperial College
180 Queen’s Gate, London, UK. SW7 2BZ
d.j.hand@ic.ac.uk
http://stats.ma.ic.ac.uk/

Abstract. Data mining comprises two subdisciplines. One of these is
based on statistical modelling, though the large data sets associated with
data mining lead to new problems for traditional modelling methodol-
ogy. The other, which we term pattern detection, is a new science. Pat-
tern detection is concerned with defining and detecting local anomalies
within large data sets, and tools and methods have been developed in
parallel by several applications communities, typically with no aware-
ness of developments elsewhere. Most of the work to date has focussed
on the development of practical methodology, with little attention being
paid to the development of an underlying theoretical base to parallel the
theoretical base developed over the last century to underpin modelling
approaches. We suggest that the time is now right for the development of
a theoretical base, so that important common aspects of the work can be
identified, so that key directions for future research can be characterised,
and so that the various different application domains can benefit from
the work in other areas. We attempt describe a unified approach to the
subject, and also attempt to provide theoretical base on which future
developments can stand.

1 Introduction

Researchers in bioinformatics try to find nucleotide patterns which have impor-
tant influences on the organism. Researchers in speech recognition try to detect
when certain patterns of sound signals appear. Those involved with crime de-
tection try to spot when particular patterns of credit card transactions occur.
People who work for hedge funds try to spot anomalous behaviour in the finan-
cial markets. All of these people, and a host of others, are concerned not with
modelling data in the way developed by statisticians, but with detecting small
configurations of data values which are anomalous, interesting, or of special sig-
nificance in some other way. That is, all of these people have a common aim, even
though this aim is often concealed by the very different languages and interests
of the areas in which they are working. In this paper, I shall make an attempt
to extract the common nature of this activity and to define the concepts and
terms involved.

I give a more formal definition of what I mean by a pattern in Section [2]
but to get us going, let us informally define a pattern as a configuration of data
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© Springer-Verlag Berlin Heidelberg 2002



2 D.J. Hand

values which is of special interest. We note immediately that this is different
from other usages of ‘pattern’ - the word is used in different ways in different
situations. In particular, we are not referring to repetitive regularities - as in
wallpaper pattern (e.g., [1]).

In ‘pattern matching’, the characterisation of what is of interest will come
from outside the data. Thus we may be seeking instances of a particular word
being spoken, or occasions when airline tickets and train tickets are purchased
together, or patients in whom three particular symptoms occur simultaneously.
In each of these cases we have been told beforehand what configuration, what
pattern, we are seeking. Given the characterisation or definition of configurations
of interest, in pattern matching our aim is to locate occurrences of that pattern
in the database - for various possible reasons.

In ‘supervised pattern detection’, the characterisation of what is of interest
comes from a particular response or classification variable in the data. Our aim
is then to locate patterns, configurations, in the data that maximise (minimise)
a response variable or minimise some misclassification error. For example, we
might be interested in finding patterns in a database of geodemographic data
that maximise a person’s spending on a particular product. An indicator variable
representing fraudulent /non-fraudulent purchases can be used to detect patterns
of credit card spending that indicate fraud. Algorithms that perform supervised
pattern detection include Klésgen’s Explora subgroup mining system [2] and
Friedman and Fisher’s SuperGEM patient rule induction method [3]. We have
stolen the word ‘supervised’ from ‘supervised pattern recognition’, where we are
told to which of a possible set of classes each object (in a ‘design’ set) belongs.
‘Supervised’ because this information comes from outside - from a ‘supervisor’.

In contrast, in ‘unsupervised pattern detection’, we not only have to locate
occurrences of the patterns in the database, but we also have to decide, solely
using information in the database, whether such an occurrence is a pattern. If
the definition of a pattern has to be based on internal database information, it
can only refer to relationships between values in individual data vectors, rela-
tionships between different data vectors, or the two together. In this paper, I
am especially concerned with unsupervised pattern detection. The problem of
pattern matching seems to me to reduce to questions of defining appropriate
distance measures and developing efficient search and matching algorithms. It
does not seem to me that such areas involve deep conceptual issues about what a
pattern ‘is’. On the other hand, there is still a substantial advantage to be gained
by technology transfer, adopting algorithms developed in one area of supervised
pattern detection for use in other areas. Although the data arising in different
areas will have different structural features (for example, in many areas the data
are sequential, in others data points are embedded in two or three dimensional
manifolds, in others there are trellis relationships between different points) it
is likely that advances in algorithm development in one area will benefit other
areas.

Pattern detection as a defined area of research in its own right seems relatively
new. This might be regarded as odd, because so much of our knowledge is couched
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in terms of patterns. For example, we know that ‘people who smoke are more
likely to suffer from lung cancer’, that ‘simultaneous use of a credit card in two
different geographical locations suggests fraud’, and that a star which appears
to move against the background of around 20 million stars suggests gravitational
microlensing and the presence of a black hole. These examples might seem to
suggest that pattern detection is nothing but rule detection. Expert systems,
which were the focus of so much research and enthusiasm in the 1980s, were
primarily based on rule-system architectures. In fact, most of those systems were
based on knowledge — expertise — extracted from human experts, rather than on
rules distilled from databases. The problem of knowledge elicitation has proven
to be one of the difficulties in implementing such systems. In any case, pattern
detection is more general than this. The antecedent-consequent structure is a
defining characteristic of a rule, but not of a pattern. Thus, our suspicions are
aroused if several people fall ill with a stomach bug: we begin to search for the
common cause. Similarly, will try to identify small groups of people who use their
credit card in a characteristic way: perhaps later we could use this information
for commercial gain. Neither of these patterns are rules.

If it is odd that appreciation of pattern detection as a discipline in its own
right is so new, perhaps its novelty can be explained by the technology required
to support the exercise. Pattern detection requires the ability to search through
a large, often vast, set of possible patterns, looking for relationships between
the variables within data points and also relationships between distinct data
points. For databases other than the very smallest, this sort of power requires
fast computers - and, in any case, anomalous data configurations are unlikely to
be found in small databases. These properties distinguish pattern detection from
model building, the other core exercise within data mining (see, for example, [4],
[5]). Model building is based on ideas developed by statisticians, primarily over
the twentieth century. Although large data sets pose new modelling challenges,
and although computers have led to the development of entirely new kinds of
modelling tools, modelling ideas were originally developed on small data sets,
data sets where the ideas could be applied by hand. Statistics began before the
computer age. Because of this, statistics was originally a mathematical disci-
pline (though I have argued that it should nowadays be more properly regarded
as a computational discipline) and a consequence of this has been an emphasis
on sound formalism and carefully thought out inferential ideas. In contrast, the
pattern detection literature, with clear origins in the computational disciplines
which provided the huge databases and which could provide the fast search al-
gorithms to examine the databases, has focused on the computational aspects,
and on algorithms in particular. A glance at the Proceedings of any of the major
data mining conferences will demonstrate this. There has been a dearth of solid
theoretical development, analogous to statistical theory for modelling, to under-
pin work on pattern detection. (Statistical work on outlier detection, a kind of
unsupervised pattern detection, is a rare and noticeable exception.) There has
been plenty of work on the methodology of pattern detection, but very limited
work on the theory.
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Does this matter? I would argue that it is crucial. Pattern detection, like
statistical modelling, is about inference. We are aiming to detect those data
configurations which are due to real phenomena underlying the data generating
process, and not those configurations which have arisen by chance. Without an
underlying theory, how can one do this? Without an underlying theory, how
does one even know precisely what one means by a ‘pattern’ - and how the con-
cepts and tools generalise and transfer between domains. Beyond this, a strong
theoretical foundation permits one to identify which tools are useful for what
purposes, and to assess and compare the performance of such tools, as well
as helping to identify which areas merit further research. Without this, one is
making a mistake precisely similar to that still occasionally made in elementary
statistics teaching: the cookbook fallacy. This regards statistical methods as dis-
tinct tools, one to be chosen to match a given data set and problem. It fails
to appreciate the interconnected structure of statistical ideas and methods; the
pattern of generalisation and specialisation which binds the tools together into
a single whole. It is this essential interconnectedness which makes statistics so
powerful. It enables new tools to be developed to meet the problems of new data
sets, permitting one to be confident that sound inferential conclusions can be
drawn. Without an appreciation of this framework, a new problem leaves one
floundering in the dark.

In summary, the rapid and dramatic growth of pattern detection ideas, in a
wide variety of application domains, has been driven primarily by methodological
requirements. Development of a theoretical base has lagged behind, and largely
still remains to be done. It is the aim of this paper to suggest a way in which
such a base might be established.

2 What Is a Pattern?

Here is an initial stab at what we might mean by ‘pattern’ in unsupervised
pattern detection: a pattern is a data vector serving to describe an anomalously
high local density of data points.

The word ‘anomalous’ implies that there is something to which the local den-
sity of data points can be compared. That is, there is some kind of ‘background’,
‘baseline’; or ‘expected’ value for the density. This will be a statistical model of
some kind, and will be more or less elaborate according to whether a lot or a
little is known about the data source. For example, if very little is known, one
might simply postulate some kind of uniform background model. In some form or
other, sometimes implicitly rather than explicitly, this is the background model
which has been adopted by [6], [7], [8], [9] and [10]. A slightly more sophisticated
background model is one which assumes independence between variables - used,
for example, in [I1], [I2] and [I3]. This is the model used in much nucleotide
sequence analysis, where the baseline probability that a particular nucleotide
will occur at any point is simply the overall proportion of occurrences of this
particular nucleotide in the data. Independence is often relaxed by introducing a
Markov assumption - especially in domains concerned with sequential data such
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as nucleotide sequence analysis and speech recognition. See, for example, [14],
[15], [16] and [17].

Since a pattern represents departure from a background model, we can rep-
resent our description of the data as

data = background_model + pattern + random_component

This is an extension of the classical statistical modelling perspective, which
simply includes the background_model and random_component parts. The impor-
tant thing about this representation is that it makes the role of the background
model explicit. Many of the application domains in which pattern detection al-
gorithms have been developed made no explicit mention or acknowledgement of
the necessity for a background model - and perhaps this explains the lack of a
unifying theoretical development.

Ideally, the background model will be based on solid ideas about the data
and the data generating process. However, other desirable attributes of the back-
ground model ([T3]) are that it should be easily interpretable (so that deviations
from it are easily interpretable), and that it should not be sensitive to the par-
ticular set of data available.

The patterns found in unsupervised pattern detection are essentially syntac-
tic - they are identified purely on the basis of data configurations relative to the
background, and not on what these configurations might mean. (However, the
background model itself will have semantic content, so the semantic degree of a
pattern might be defined relative to that - see [I8]) Of course, what is of interest
- and this is really the point of unsupervised pattern detection - is the semantic
implication of a pattern. Having found a structure in the data, we want to know
what it means. At the least we will want to know, that the pattern has not arisen
because of distortion in the data (missing values being regarded as genuine data
values, for example) and is unlikely to be attributable to random variation.

The definition referred to a local density of data points. This is meant to
characterise a pattern as being a ‘small’ phenomenon in some sense. A cluster
analysis may decompose a data set into regions of high point density, but together
these will decompose the data set into mutually exclusive subsets, some of which
may be large. As such, they would not be patterns. Of course, it may sometimes
be possible to decompose a data set into many small local clusters, and then each
might be legitimately regarded as a pattern. Such an example would represent
the interface or overlap of modelling and pattern detection ideas. Hand and
Bolton [1]] give the example of natural language processing, in which each spoken
word might be regarded as a pattern to be detected, but in which an entire
utterance is split into such patterns. In order to define what is meant by ‘local’ it
is necessary to adopt a suitable distance measure. This choice will depend on the
data and the application domain: in the cases of categorical variables, it might
even require exact matches. It is also necessary to pick a threshold with which
the measured distance is compared. If ‘local’ is taken to include the entire data
set, then a single point will be identified as a pattern: the global maximum. At
the other extreme, if ‘local’ is taken to be a very small neighbourhood, then many
slight irregularities in the estimated point density will be detected as patterns.
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Some sort of compromise is needed. One way to find a suitable compromise
would be to gradually expand the distance threshold defining local, so that the
set of points identified as possible patterns gradually increases, stopping when
the detected number of patterns seemed reasonable (a decision which depends
on resources as well as on the phenomenon under investigation).

I have suggested summarising a locally dense region by a single point, the
pattern. One might, for example, pick the point corresponding to the greatest
local density, as estimated by some nonparametric density estimation procedure
such as a kernel method. Greatest, here, is important. If we simply compared the
density with a threshold value, then (a) large entire regions might qualify, and
(b) neighbouring points to the ‘greatest” would certainly qualify. We are really
concerned with finding local maxima, where ‘local’ is restricted to small regions.
Point (b) here is sometimes referred to as the foothill effect ([19], [18]). The
practice of choosing a single ‘best’ (in some sense) representative point from a
local region is related to the notion of minimal cover rules ([20]). Another related
but rather different phenomenon is that arising from the fact that patterns will
have subpatterns. Indeed, one of the basic pattern detection algorithms, the a
priori rule, is based on the fact that a given set of data values cannot exceed a
given threshold frequency if all of its subsets do not also exceed that threshold.

3 Detecting Patterns

From the preceding section, we can see the basic principle which must lie behind
the detection of patterns: we will estimate the local density of data points and
compare this density with the density we would expect on the basis of the back-
ground model. If the difference exhibits a local peak, then we flag this peak as
a possible pattern. All of the many algorithms we have seen use this basic strat-
egy, even if they do not make explicit the background model against which the
smoothed data are being compared. They use various measures, depending on the
context, to determine if the local anomaly is large enough to be of interest. For
example, in association analysis measures of confidence and support (equivalent
to estimates of conditional and marginal probabilities) are used. In genome se-
quence analysis, estimates of the probability of observing a given sequence under
the background model are calculated. These measures are then compared with a
threshold to choose those thought to merit more detailed examination (subject
to the restriction that not too many must be proposed - see [21]. DuMouchel [13]
proposes a Bayesian approach to ranking cells of a contingency table in terms of
their deviation from an independence model, based on assuming that the count
in the cells follows Poisson distributions with parameters distributed according
to a prior which is a mixture of two gamma distributions.

Patterns are defined as local deviations from a background model. However,
the data have arisen from a stochastic process, so we should expect deviations
from the model to arise purely by chance. Some, indeed, should be expected
to be large. Moreover, since there are many possibilities for such deviations to
occur, especially when the data sets are large, we should expect to find some.



Pattern Detection and Discovery 7

How, then, can we decide whether or not such deviations represent aspects of
the underlying mechanism rather than mere chance fluctuations?

Standard statistical tools have been developed for tackling analogous prob-
lems in different contexts. For example, the Bonferroni adjustment and others
(e.g. [22], [23]) control the familywise error rate, the probability of incorrectly
identifying a pattern. However, they achieve this at the cost of very low power
for detecting individual false null hypotheses - in our terms they will not be very
effective at detecting true anomalies in the underlying data generating mech-
anism. In any case, perhaps this is not quite the right strategy: rather than
controlling the proportion of ‘false patterns’ which are flagged as worth inves-
tigation, we should control the proportion of those patterns flagged as worth
investigation which are ‘false’ - which do not represent true anomalies in the
underlying data generating mechanism. This, the flagging of spurious patterns,
is, of course, what generates unnecessary and unrewarding work (and is what
may lead to a backlash against the entire exercise when only a tiny minority of
the patterns one has flagged turn out to be of any value). Unfortunately, this
cannot be determined because we cannot tell, in any real situation, which of the
flagged patterns actually do correspond to a true anomaly in the underlying data
generating mechanism. What we can do, however, following the ideas of Ben-
jamini and Hochberg [24] is control the expected proportion of flagged patterns
which do not correspond to true anomalies in the underlying data generating
mechanism.

We will use the notation in Table [1] to explore this. To simplify the termi-
nology, we will define a pattern as ‘substantive’ if it represents a real structure
in the distributions from which the data were generated. Otherwise it is ‘non-
substantive’. For simplicity we will suppose d > 0 though the result can be
extended to include the d = 0 case. Let

0ifb=0
I(b>0):{1z’§b>0
Then .
—— =1(b if b=
b d (b>0) ifb=0
and .
LA | i
b+d< b>0) ifb>0
so that, in general,
b
— <I(b
pra =10>0)

Taking expectations, we have

E(bid> <E(I(b>0)=Pb>0)

That is, the expected proportion of the flagged patterns which are not sub-
stantive is bounded above by the familywise error rate. The implication is that
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controlling the expected proportion of the flagged patterns which are not sub-
stantive might lead to a less conservative result than the traditional multiple
testing procedures. Benjamini and Hochberg [24] give a simple algorithm for
controlling the expected proportion of the flagged patterns which are not sub-
stantive at any chosen level.

This tool was originally developed for applications other than pattern de-
tection, and it remains to be seen how effective it is in this new application.
Results from Bolton et al [25] suggest that it may not always be very effective.
The point is that Benjamini and Hochberg [24] originally developed the idea for
testing multiple hypotheses in situations in which one might reasonably expect a
substantial number of the hypotheses to be ‘substantive’ (using our term). This
means that, in their situation, b/(b+ d) may be markedly less than unity. In
pattern detection, however, one might expect (or perhaps hope) that there will
be few substantive patterns and many non-substantive patterns. That would
give b/(b+d) ~ 1, so that E (b/(b+ d)) would not be a great deal less than
P(b>0).

Table 1. Frequencies of substantive and flagged patterns.

Not flagged |Flagged
Non-substantive a b
Substantive c d

Controlling familywise error rate and controlling the expected proportion of
the flagged patterns which are not substantive are two strategies, based on stan-
dard frequentist arguments, which might be adopted in attempting to ensure
that one does not identify too many patterns as worth investigating in detail.
However, perhaps a more appropriate approach is based on likelihood argument.
Significance test approaches control the probability of drawing incorrect con-
clusions (either that a substantive pattern exists when one does not, or vice
versa). However, as far as pattern detection is concerned, we might assert that
we are not really interested in such probabilities, but rather in the strength of
evidence that the data provide for the existence of a substantive pattern. Rel-
ative strength of evidence is given not by type 1 or 2 error probabilities, but
simply by likelihood ratios. Similarly, Bayesian strategies combine the likelihood
with the priors, thus combining the evidence in the data with prior beliefs. This
is appropriate if the aim is to decide how to adjust one’s beliefs, but not if the
aim is simple to indicate the extent of evidence which the data provide for de-
partures from a background model. Procedures such as those described above
are necessary to control error probabilities, but no such procedures are neces-
sary when one is examining evidence. In particular, the evidence in favour of
the existence of a substantive pattern is not influenced by whether there is other
evidence favouring some other pattern. With the likelihood approach, for each of
the separate patterns being examined, we can determine a likelihood interval. If
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the observed pattern lies outside this interval, then there is evidence (at a level
we determine) favouring the existence of a substantive pattern.

To illustrate, suppose that the background model is the independence model.
For illustration, suppose that the data are categorical, and assume that, under
the background model each cell contains a number of data points which follows
a Poisson distribution with parameter given by the background model for that
cell (see, e.g., [I3]). Then the evidence in a set of data about hypothesis A
compared to hypothesis B is given by the ratio of the two likelihoods under
these hypotheses: L(A)/L(B). For a cell with observed count z, the likelihood

is L(A) = e;# The maximum of this is ef;zm. For all values of A for which

e %z® [e M\
! !

> k there is at least one other value that is better supported

by a factor of at least k. (A value of £k = 20 would be a reasonable choice.)
We therefore flag, as worth investigating, all those cells which have expected
counts F satisfying e *x® > ke E®. Note that since we are only interested in
situations where the count is larger than the expected count we should restrict
ourselves to expected counts E which also satisfy E < x. If the expected count
FE for a cell, calculated from the background model, satisfies these conditions,
then there are alternative probability models, based on local peaks, which have
a substantially greater likelihood than the background model.

4 Data Quality

The aim of pattern detection is typically to detect features of the underlying
data generating process. It is not to detect local aggregations of data points
which have arisen by chance (Section [J), and it is not (normally) to detect
local aggregations of data points which have arisen due to distortion in the
data collection or recording processes. But in some applications many, possibly
most, of the detected patterns will be attributable to data collection problems.
(Perhaps we should remark here that detecting such problems can, of course, be
invaluable, if it leads to the later rectification of those problems.) The discovery
by Dave Yearling (one of my PhD students) that the apparent gales in windspeed
records were due to automatic instrument resetting does not tell us anything of
value about meteorology. The discovery by Berry and Linoff [26] that 20% of
transactions involved files transmitted before they arrived, due to failure to reset
the computer’s clock, tells us little about human behaviour. The list of errors
in coding of birth weights noted by Brunskill [27], with 140z being recorded as
141b, birth weights of one pound (11b) being read as 111b, and misplaced decimal
points (for example, 510 gms recorded as 5100 gms), casts doubt on the value of
the apparent excess of overweight infants at low gestational ages.

Data quality is a key issue in pattern detection. It is very much a practical
rather than a theoretical issue, but it is vital. We are reminded of Twyman’s
Law: any figure that looks interesting or different is usually wrong.
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5 Algorithms

The bulk of the work on pattern detection has focused on the development
of algorithms - on methodology - rather than theory. This is understandable:
algorithms are the sharp end of pattern detection. Indeed, in order to be able
to develop a theory, in order to understand what the problems and issues are
which require theoretical solution, it is necessary to have gained some practical
experience. However, our aim at this workshop is to move the discipline up a
level. Indeed, continuing the metaphor, one might say that our aim is to move the
discipline up a level and insert an underpinning theoretical foundation beneath
it. A vast range of algorithms have been developed, many relying on common
principles, and others taking advantage of special properties of the data sets to
which they will be applied. They have evolved in response to the continuing
demands of increasing size and speed as data collection and storage capacities
continue to grow.

The basic starting point is, of course, exhaustive search, but this soon be-
comes impossible as the data set and number of combinations of data points
grows. Another key advance, applicable in many areas (such as association anal-
ysis) was the apriori algorithm. In fact, this algorithm provides a nice illustration
of the need for a deeper theoretical basis. It is based on the principle that a pat-
tern A cannot have a frequency above some threshold if some subpattern of A
has a frequency below this threshold, and has served as the basis (and compara-
tor) for a large amount of algorithm development. However, it ignores the fact
that a probabilistic or likelihood threshold should depend on the background
distribution, and that this will be different for A and subpatterns of A. It is
entirely possible that A may pass its relevant threshold while all subpatterns of
A fail to pass theirs.

Other aspects of data structure are made use of in methods such as branch
and bound, sequential forward and backward stepwise algorithms, more general
strategies for concatenating subcomponents, and so on. The complexity of the
problem, and the size of the search spaces, increases astronomically when wild-
cards or variable length patterns are permitted. Sampling does have a role to
play, and classical statistical notions become important in calculating the prob-
ability that patterns will fail to be detected if one is merely using a sample of
the data. Perhaps it goes without saying that stochastic search methods are also
applicable in this context.

6 Conclusion

Pattern detection has become an important discipline in its own right, having
grown up as a subdiscipline of data mining, but having also appeared in several
unconnected application domains, including text analysis, data compression, ge-
nomics, speech recognition, and technical analysis. The thrust of the work to
date has been towards developing algorithms for practical application; that is,
almost all of the work to date has been concerned with methodology. This has left
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something of a hole at the core of the discipline - indeed, even a lack of awareness
that there was a common aim, and that there was a single discipline concerned.
This historical development is perhaps natural, since inevitably practical appli-
cations have provided the incentive for work in the area. However, the time is
now right to step back and take a more considered view of work in the area, and
to underpin it with a stronger theoretical base: to develop a theory of pattern
detection. Such a theory allows one to critically assess and evaluate work which
is being done, and to decide what problems are important. The development of
a unified perspective also allows one to transfer ideas and tools from one domain
to another, with mutual benefit. In general, in science, theory and methodology
perform a leapfrogging act, progress in one permitting progress in the other,
which then feeds back to the first, and so on. This is perhaps most clearly il-
lustrated in the physical and modern biological sciences, by the leapfrog act
between theory and instrumentation. Now is the time for the theory of pattern
detection to catch up with and feed back into the practice.

We have presented a possible approach to a theory of pattern detection in
this paper. It may not be the only approach, and many questions clearly remain
open. We hope, however, that it will stimulate further work.

Acknowledgements. The work described in this paper was supported by EP-
SRC ROPA grant GR/N08704.
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Abstract. Most valid rules that are learned from very large and high
dimensional data sets are not interesting, but are already known to the
users. The dominant model of the overall data set may well suppress the
interesting local patterns. The search for interesting local patterns can
be implemented by a two step learning approach which first acquires the
global models before it focuses on the rest in order to detect local pat-
terns. In this paper, three sets of interesting instances are distinguished.
For these sets, the hypothesis space is enlarged in order to characterize
local patterns in a second learning step.

1 Introduction

Most valid rules that are learned from very large and high dimensional data sets
are not interesting, but are already known to the users. For instance, we have
learned from a very large data set on cars and their warranty cases that the
production date of a car is preceding its sales date, which is what we expected
[14]. However, there were some exceptions to the rule and these are interesting.
Which customers order cars before they are offered? Are the exceptions typing
errors? The decision can only be made by domain experts. Either we use the
outliers for data cleaning or we find interesting instances by learning a general
rule and outputing its exceptions. This idea has been put forward by Vladimir
Vapnik [7]. In some data bases, we are looking for fraudulent use of cellular
phones as has been reported by Fawcett and Provost [4]. There, finding the
instances that are exceptions to generally reliable rules corresponds to finding the
criminal indiviuals. In other applications we learn general models for customer
behavior, but are interested in exceptionally lucrative customers. Again, these
customers are found by collecting the exceptions to accepted rules. Hence, one
reason for a set of instances being interesting is that they are exceptions to a
general model.

Many learning algorithms aim at covering all positive examples. However,
there might be some instances that cannot be covered by any rule. Why do they
not fit into any general model? What makes them so exceptional? Maybe these
uncovered instances are the most interesting ones and lead us to a local pattern.

A third phenomenon can again be illustrated by the database of cars and their
parts. We encountered valid rules not being learned. For instance, it could not be
learned that each car has at least one axle. Since we know that this rule should be
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verified by the data, we inspected the evidence against the rule and found many
missing attribute values in the database. We could clean the data base on the
basis of the refutation of valid rules. In a medical application, we looked for effects
of drugs. We knew from the domain expert that a particular drug should decrease
blood pressure. However, the rule was not learned that after the intake of the
drug, the blood pressure showed a clear level change. Too many patients either
showed no level change or their blood pressure even increased. We inspected
the patient records that formed negative evidence against the rule. There were
patients with arhythmic heart beat, patients where the blood pressure varied
more than usual, patients where the rate of increasing blood pressure decreased
but not the blood pressure itself. On one hand, the hypothesis can be made more
precise: the drug decreases the rate of increasing blood pressure. On the other
hand, the variance of blood pressure and its relation to arythmic heart beat
forms a local pattern. Again, the user has to decide whether the data are wrong
or the instances allow us to form an interesting local pattern. Hence, another
reason for a set of instances being interesting is that they are negative evidence
for a valid rule.

Without the claim of completeness, we may state that there are three reasons
for a set of instances to be interesting:

— exceptions to an accepted general rule
— examples that are not covered by any valid rule
— negative examples that prevent the acceptance of a rule.

The acceptance of a rule hypothesis depends on the acceptance criterion or
quality measure. In the preceding paragraphs we argued on the basis of a general
quality measure which combines positive and negative evidence for and against
the validity of a rule in some manner. Such a measure is tailored to finding gen-
eral models. The pattern detection then means to find the deviations from the
general rules. There is an alternative, though. The quality measure can be tai-
lored to finding interesting sets of instances directly. Subgroup detection is the
learning task of finding parts of the overall instance space, where the probability
distribution differs significantly from the global one [12]. The subgroups can be
considered local patterns which are selected by a quality criterion that imple-
ments the refutation of the null hypothesis, namely that the distribution in the
subgroup equals that in the entire population. A logical approach to subgroup
detection has been developed by Stefan Wrobel [18]. The same subgroups can be
found by the collection of negative or uncovered examples and by a well-suited
quality measure for subgroup detection. Hence, in principle the two approaches
fall into the same category. The algorithms, however, are different. Subgroup de-
tection explores the overall search space and uses pruning methods and language
restrictions in order to become tractable. The two-step approach allows to use
different search spaces and learning methods for the general model and the local
patterns. Since the number of negative or uncovered examples is comparatively
small, a larger search space can be explored by a more demanding procedure.

In this paper, we describe an inductive logic programming algorithm which
first finds all valid rules in a very restricted search space. These rules are used to
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collect interesting instances as described above. The second learning step then
finds definitions for the small samples in an enlarged search space. There are
three ways to enlarge the hypothesis space for the learning algorithm:

— the synactic language restriction of hypotheses is weakened

— the dimensionality of the examples is increased, i.e. more (possibly finer
grained) attributes are taken into account

— a more expensive learning strategy is chosen

We investigate these three options on the different sets of interesting instances.
For illustration we use the movie database which is freely available in the internet
(www.imdb.com). The paper is organised as follows. First, we describe the learn-
ing algorithm RDT/DM and indicate the size of the hypothesis space depending
on the syntactic language restrictions, the dimensionality of examples and the
learning strategy. Second, we shortly present results of learning global models
(i.e. all valid rules) and discuss some quality measures for accepting hypotheses.
Third, the sets of interesting instances and the detection of local patterns is il-
lustrated by our movie application. A discussion relating the approach to others
concludes the paper.

2 Inductive Logic Programming Using RDT/dm

The rule learning task has been stated within the inductive logic programming
(ILP) paradigm by Nicolas Helft [9] using the notion from logic of minimal
models of a theory M (Th) C M(Th). Of course, in general there may well
exist many minimal models. However, for first-order logic there exist restrictions
such that there is exactly one minimal model to a theory.

Definition 1. (Minimal model) An interpretation I is a model of a theory Th,
M(Th), if it is true for every sentence in Th. An interpretation I is a minimal
model of Th, written M™(Th), if I is a model of Th and there does not exist
an interpretation I' that is a model of Th and I' C I.

Rule Learning

Given observations £ in a representation language L¢ and background knowl-
edge B in a representation language Lz,

find the set of hypotheses H in L4;, which is a (restricted) first-order logic, such
that

(1) MT(BUE) C M(H) (validity of H)

(2) for each h € H there exists e € £ such that B,E—{e} #eand B,E—{e},h =
e (necessity of h)

(3) for each h € L4 satisfying (1) and (2), it is true that H = h (completeness
of H)

(4) There is no proper subset G of H which is valid and complete (minimality
of H).
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The first sentence states that the minimal model of the observations and the
background knowledge must be a subset of the model of the learned rules. There
is one interpretation for learning result, examples, and background knowledge.
This sentence expresses the correctness of the learning result. The other sentences
approximate the completeness and minimality of theories. Since Kleene’s proof
that we cannot find the minimal set of axioms to a set of observations (facts),
the minimality had to be reduced to not including rules that could be removed
without any loss. It is still possible that by combining some rules into one rule,
the set of rules that is valid and complete is smaller than the learning result. We
cannot escape this possible shortcoming of too large a learning result. What we
can escape is having redundant rules in the learning set that do not contribute
to covering observations. This is stated in (2) and (4). The third sentence states
that all rules that are valid and necessary in the sense of (2) are included in the
learning result. Again, this property does not exclude that there are more elegant
and concise rules that are not learned, since this would contradict Kleene’s proof.
It only states that all correct rules that are necessary for covering examples are
included in the learning result. This learning task has been taken up by several
ILP researchers, e.g., [10], [5], [3]. Rule learning is more difficult than the concept
learning task because it is possible that all results of concept learning could also
be found by rule learning, but not vice versa [11]. Since the learning task is hard
in terms of computational complexity, it must be constrained. Constraining the
hypothesis language L4 to less expressive power than first-order logic is the key
to making rule learning efficient. The clear learnability border has been shown
for restrictions of first-order logic [11].

In order to restrict the hypothesis space, RDT/DM uses a declarative speci-
fication of the hypothesis language, just as its predecessor RDT does [10]. The
specification is given by the user in terms of rule schemata. A rule schema is a
rule with predicate variables (instead of predicate symbols). In addition, argu-
ments of the literals can be designated for learning constant values. Examples
of rule schemata are:

P1,P2,P3) : P1(X1)&P2(X1) — P3(X2)

P1,P2,P3) : P1(X1,X2)&P2(X2) — P3(X1)
P1,P2,P3,P4) : P1(X1)&P2(X1)&P3(X1) — P4(X1)
C,P1,P2,P3): P1(X1,C)&P2(X1) — (P3(X1)

mpl
mp2
mp3
mp4

A~~~

Where the first and third rule schema restricts £4; to propositional learning, the
second and fourth schema expresses a simple relation. In the last schema, the
second argument of the first literal is a particular constant value that is to be
learned. This is indicated in the meta-predicate by C.

For hypothesis generation, RDT/DB instantiates the predicate variables and
the arguments that are marked for constant learning. The arity of a predicate as
well as the sorts of arguments are taken into account, so that only sort-correct
and fitting predicates instantiate the predicate variables. A fully instantiated
rule schema is a rule. An instantiation is, for instance,

mpl(america, drama,top) america(X1)&drama(X1)& — top(X1)
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The rule states that a movie that was produced at the American continent
and is of genre “drama’” belongs to the top hundred of the movie rating as given
by the movie database.

The rule schemata are ordered by generality: for every instantiation of a
more general rule schema there exist more special rules as instantiations of a
more special rule schema, if the more special rule schema can be instantiated at
all. Hence, the ordering of rule schemata reflects the generality ordering of sets of
rules. This structure of the hypothesis space is used while doing top-down search
for learning. If a rule is learned its specialization w.r.t. the generality ordering of
rule schmeata will not be tried, since this would result in redundant rules. Hence,
RDT/DM delivers most general rules. The user writes the rule schemata in order
to restrict the hypothesis space. The user also supplies a list of the predicates
that can instantiate predicate variables (i.e. determines the dimensionality of
the examples). This list can be a selection of all predicates in Le¢.

Another kind of user-given control knowledge is the acceptance criterion. It
is used to test hypotheses. The user composes an acceptance criterion for a rule
premise — conclusion out of four terms which count frequencies in the given
data:

pos(h) the number of supporting instances: fr(premise A conclusion);

neg(h) the number of contradicting instances: fr(premise A —conclusion);

concl(h) the number of all tuples for which the conclusion predicate of the hy-
pothesis holds: fr(conclusion); and

negconcl(h) the number of all instances for which the conclusion predicate does
not hold: fr(—conclusion).

This general form for criteria directly corresponds to interestingness criteria as
presented in [8]. Using the four terms, one can easily express different acceptance
criteria. A typical one (similar to that of APRIORI [1]) is:

pos(h)  neg(h)

concl(h)  concl(h) — 08

The acceptance criterion can also be written in a Bayesian manner. If there
are two classes for the conclusion predicate (e.g., top 100 movies and bottom 100
movies), the following criterion is similar to the requirement that the a posteriori
probability must equal or exceed the a priori probability:

pos(h) < concl

pos(h) + neg(h) — concl + negconcl

RDT/DM is similar to RDT/DB [2] in that it directly accesses the ORA-
CLE database system. It is a re-implementation using the JAVA programming
language. The main difference is the search stratey in the hypothesis space
L. Where RDT/DB performs a breadth-first search which allows safe prun-
ing, RDT/DM performs a depth-first search in order to minimize the database
accesses and to exploit already selected subsets of records. For each accepted
hypothesis h its instances ext(h) are collected as pos(h) (support) and neg(h)
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(outliers). The uncovered instances of all rules S — ext(H) are also stored'. The
data dictionary of the database system contains information about relations and
attributes of the database. This information is used in order to map database
relations and attributes automatically to predicates of RDT’s hypothesis lan-
guage. For hypothesis testing, SQL queries are generated by the learning tool
and are sent to the database system. The counts for pos(h),neg(h),concl(h),
and negconcl(h) are used for calculating the acceptance criterion for fully in-
stantiated rule schemata.

The size of the hypothesis space of RDT/DM does not depend on the num-
ber of database records, but on the number of rule schemata, r, the number
of predicates that are available for instantiations, p, and the maximal number
of literals of a rule schema, k. For each literal, all predicates have to be tried.
Without constant learning, the number of hypotheses is r - p¥ in the worst case.
As k is usually a small number in order to obtain understandable results, this
polynomial is acceptable. Constants to be learned are very similar to predicates.
For each argument marked for constant learning, all possible values of the ar-
gument (the respective database attribute) must be tried. We write ¢ for the
number of constants that are marked for learning in a rule schema. Let ¢ be the
maximal number of possible values of an argument marked for constant learning;
then, the hypothesis space is limited by - (p - i°)*. The size of the hypothesis
space determines the cost of hypothesis generation. For each hypothesis, two
SQL statements have to be executed by the database system. These determine
the cost of hypothesis testing.

2.1 The Movie Database and the Chosen Hypothesis Spaces

The movie database imdb.com stores millions of movies with their genre, actors,
producers, directors, the production country, keywords, and year of publication.
For actors and directors tables with further information about them exist. What
makes the database of interest to us is the voting of movie visitors and the
resulting ranking of movies into the top 100 movies and the bottom 100 movies.
For our experiments we selected only the top and bottom 100 movies. The first
task was to learn all valid rules about the top 100 movies. Hence, we reduced
the first learning task more or less to concept learning, here, the classification
of top movies. This exercise in automatic modeling or learning global models is
meant to be the basis for detecting local patterns in the second step. Hence, the
restriction should not be a problem.

In order to map database relations and attributes to predicates, the system
offers a tool which constructs predicates using the data dictionary of the database
and exploiting foreign key relations. In our experiments we used two mappings.

Mapping 1: For each relation R with attributes A;,...,A,, where the at-
tributes Aj,..., A; are the primary key, for each z € [1,...,n]\[j,...,]]
a predicate rn_AX (A;, ..., A;, A;) is formed, where AX is the string of the
attribute name.

1 S is the set of all instances.
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Since the primary key of the relations is a single attribute, we get two—place
predicates. The number of predicates is bound by the number of relations times
the maximal number of attributes of a relation (without key attributes).

The other mapping reduces the expressiveness to propositional logic. Of
course, this means that the size of the hypothesis space is reduced.

Mapping 2: For each attribute A; which is not a primary key and has the values
ai,...,an a set of predicates rn_Al_ai(A;,...,A;) are formed, A;,..., 4
being the primary key.

Mapping and rule schemata together determine the size of the hypothesis
space. For learning the general model of top movies, we used the first two rule
schemata shown above and the first and second mapping. 22 predicates were
selected for learning. In the propositional case this corresponds to 22 dimensions
of movies. In the worst case only 2 - 222 = 968 hypotheses need to be tested?.
For the detection of local patterns in selected instance sets, we enlarged the hy-
pothesis space by including the third rule schemata shown above and by forming
more predicates. Changing the learning strategy to constant learning using the
fourth rule schema further enlarges the hypothesis space.

3 Learning the Global Model for Movie Ranking

Given the top 100 movies classified top(Moviel D) and the bottom 100 movies
classified not(top(Moviel D)), we instantiated the conclusion predicate of the
first three meta-predicates by top(X). Each movie was characterised by predi-
cates with arity 1 for genre and production country or continent and by predi-
cates with arity 2 for the relation between a movie and any actor of it as well
as the relation between a movie and its director. Actors and directors were de-
scribed by a one—place predicate stating, whether the actor performed in or
the director made at least 2 of the top 100 movies, namely topActor(X) and
topDir(X). Similarly, noBot Actor(X) respectively noBotDir(X) states that an
actor or director was never involved in one of the bottom movies. The acceptance
criterion was set to

pos(H) _ neg(H) 3

concl(H) concl(H)

These are the learned rules:

hi : usa(X)&drama(X) — top(X)

hg : director(X,Y)&topDir(Y') — top(X)

hs : actor(X,Y)&topActor(Y) — top(X)

hy : director(X,Y)&noBotDir(Y) — top(X)
hs : actor(X,Y)&noBotactor(Y') — top(X)

2 Since the conclusion predicate is always instantiated by top(X), the conclusion literal
is not counted.
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Of course, the rules do not make sense for cineasts, but only for the ranking of
the movie database in the excerpt we used. The ranking clearly favours American
movies: 68 of the top movies and 82 of the bottom movies are American. Taking
the genre into account, 40 of the top movies are American dramas, but only 7
of the bottom movies. The tolerant acceptance criterion allows us to collect 7
outliers. 15 top movies are uncovered by the rules. These are candiates for local
patterns hidden by the overwhelming dominance of American movies.

We wonder whether another acceptance criterion would allow us to describe
the uncovered instances already in the first step. It should be a criterion which
focuses on subgroups within the data. Hence, we applied the criterion based on
the Binomial test heuristic:

g:)?r;gc(fﬂz:gqegy(:c)l' | pos(isj—(fig(h) - concliorzl;;concl |Z 0705

The first factor weights the size of ext(h) in relation to the samples size and
the second factor compares the distribution in ext(h) with that of the overall
population. A theoretical investigation of quality functions as this one and its
distinction from averaging functions can be found in [16]. Here, we identify the
data set with the overall population and consider ext(h) a sample. The signif-
icance of a difference in the distribution is determined with respect to the null
hypothesis. In fact, additional rules are found that cover some of the previously
uncovered instances:

he : italy(X)&drama(X) — top(X)
hr : denmark(X)&drama(X) — top(X)

However, many more rules were also found and cover instances redundantly. If
we narrow the pruning criterion, we get exactly the rules learned in the first
step. Hence, we either receive too many rules, among them senseless ones, or we
end up with the global rules.

4 Interesting Instances in the Movie Database

Our aim is to detect local patterns. We have learned general rules in order to get
rid of the dominant process. We now want to inspect the remaining instances
using a larger hypothesis space. We used additionally the third rule schema and
changed the acceptance criterion to

pos(h) _ neg(h)
posth) Fneg(R) ~ pos(h) neg(h)

We enlarged the number of predicates for learning. The table “keywords”
contains up to 200 words for each movie. We formed 286 one-ary predicates out
of these. That is, for the few interesting instances we offered a hypothesis space
of a hundred million hypotheses (3 - 3303 = 107811000).

The first potentially interesting set of instances are the outliers to accepted
rules. Do these American dramas which are ranked within the bottom movies
have something in common? We switched the learning strategy to learning con-
stant values for actors and directors. The possible values for the argument
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marked for constant learning are 2544. Hence, the hypothesis space consists
of about 107 hypotheses, 4 - (330 - 25441)3. 6 rules were found which character-
ize bottom movies covered by general rules for top movies. Three rules blamed
certain actors which performed in none of the top movies but only in the bot-
tom ones®. Another rule found the combination of “drama” and “musical”, two
other rules refer to directors who made bottom movies or top movies. The rules
covered only about half of the exceptions. Decreasing the threshhold value of
the acceptance criterion led to 34 actors who play in bottom movies and to
some keywords for American bottom films, among them “police”, “screwball”,
and “independent”. However, more rules were learned than there are exceptions.
Decreasing the selectivity of the criterion leads to arbitrary rules. Hence, using
Occam’s razor, we prefer the 6 rules and list the remaining instances.

The second possibly interesting set of instances are the uncovered examples.
With the enlarged set of rule schemata but without the additional predicates,
he and hywere found, indicating the subgroups of Italian and Danish dramas. A
third learned rule states that those European movies are top, which are classified
as “drama” and as “romance” as well. However, these rules still leave some
instances uncovered. Using the enlarged set of predicates 7 rules were found.
Rule hg covering particularly the famous movies “bicycle thieves” (1948) and
“La vita e bella”(1997) is again found. The keywords “independent film” or
“family” make a European movie top. Independent films such as the Danish
dogma movies that led to rule h7 are covered. The keyword “love” together with
the genre “drama” also characterise the uncovered instances. Funny enough, the
keyword “bicycle” is also characteristic for European top movies as well as for
those of genre “drama’”. All rules do make sense and it is not surprising that 6
of the 7 rules deal with European movies. These seem to be the ones that are
dominated by the American movie population?.

The third collected set of instances was neg(h) where h was rejected in the
first learning step. In our movie application, this set of instances was quite large
(85) and uninteresting. It shows that the general model is quite appropriate
and learning the global model excludes successfully senseless rules. No further
learning was performed on this sample.

5 Conclusion

Instance selection usually means to reduce the original data set such that the
reduced set allows to find the general model underlying the original data. Sam-
pling is its most popular technique, search for critical points or the construction
of prototypes are others [13].The detection of outliers in such a context aims at
easing learning from the reduced set [6].In this paper, we are concerned with

3 What the learning algorithm did not find because we did not apply constant learning
to movie titles, is that these actors play in “Police Academy”...

4 1t is a pity that we could not find the nationalities of the voting population in the
database, because it could well be that the aubgroups actually do not refer to the
producing nation of the movies but to the nation of the voters.
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the opposite goal of finding instance sets that allow us to find local patterns
that contrast the general model. The instance sets do not mirror the overall
distribution as do (random) samples. The detection of outliers in this context
means to focus on small abnormal subsets of the data. Similarly, the collection
of uncovered instances focuses on subsets which do not fit the general model.
These subsets of data are candidates for being the extension of local patterns.
We consider local patterns the effect of behavior of a distinct, small population
that is dominated by the large population. In other words, we assume a mixture
distribution made of distinct components, where one is overwhelmingly large.
Therefore, usual methods like, e.g., Markov switching models or models of finite
mixture distributions do either not detect these small groups or detect overly
many small groups.

The two-step approach presented here, excludes the large population in its
first step and hence prevents us from finding too many subgroups. In spirit, our
first experiment on outliers is similar to the demand-driven concept formation
of Stefan Wrobel [17]. In an incremental setting, he collected the exceptions of
strongly supported rules and learned their definition. The hypothesis space re-
mained the same for rule learning and defining new concepts over exceptions.
He did not deal with uncovered instances. In our movie application, the first
step characterises American movies (the majority group of the population). The
collection of uncovered positive examples worked particularly well. The second
step then concentrates on European movies (the minority group of the popula-
tion). From an algorithmic point of view, the two-step procedure allows us to
change the search space and search method within a learning run. The first step
processes the overall data set using a small hypothesis space, i.e. it estimates the
overall distribution on the basis of low-dimensional instances and a tight restric-
tion of hypotheses’ complexity. The second step processes the selected abnormal
instances on the basis of high-dimensional instances and more complex hypothe-
ses. Here, we applied the same learning algorithm in both steps. Further work
could apply complex algorithms in the second step such as the lgg [15] in order
to bottom-up generalise interesting instances. We have illustrated our approach
by the movie database with an excerpt of four tables. Further experiments and
— more important — theoretical considerations are still needed.

Acknowledgment. Dirk Miinstermann has developed RDT/DM and has run
the experiments on the movie database. His diploma thesis which explains the
new search strategy and data management is forthcoming.
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Abstract. There is a growing need to analyse sets of complex data, i.e.,
data in which the individual data items are (semi-) structured collections
of data themselves, such as sets of time-series. To perform such analysis,
one has to redefine familiar notions such as similarity on such complex
data types. One can do that either on the data items directly, or indi-
rectly, based on features or patterns computed from the individual data
items. In this paper, we argue that wavelet decomposition is a general
tool for the latter approach.

1 Introduction

One of the many variants of Moore’s law [10] is the exponential growth of hard-
disk capacity per euro. This growth has enabled the rise of a fast increasing
number of fast growing complex data sets. That is, data collections in which the
individual data items are no longer “simple” (atomic in database terminology)
values but are (semi-)structured collections of data themselves. For example,
large text corpera, multi-media data collections, databases with milions of time-
series, and large collections of DNA and/or protein data.

With the advent of sets of complex data grows the need to analyse such
collections. This is, e.g., illustrated by the existence of satelite workshops on
topics such as multimedia data mining, text mining, and spatio-temporal data
mining around all the major KDD conferences.

To apply standard or new data-analysis techniques, fundamental notions that
or obvious for numbers have to be redefined. One example of such a notion is
stmilarity, which is essential, e.g., for clustering and classification [5]. There are
two ways in which one can define similarity for complex data types. Firstly, one
can define it directly on the complex data items. Secondly, one derive features
or patterns from complex data items and define the similarity on these features
or patterns.

Both approaches have their respective advantages. The former allows the
definition of, e.g., a similarity measure that is based on all aspects of the data
items rather than only on those that are represented by features. Measures that
find their roots (ultimately) in Kolmogorov complezity [§] are an example of this
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class. The latter, in contrast, allow one to take only relevant “local structure”
into account for the similarity measure, such as measures based on wavelet de-
composition [12]. Which of the two is best, thus depends primarily on the notion
of similarity one wants to use.

For both approaches, it is important that the way one defines the similarity
measure is sufficiently general. That is, it is applicable across specific problems
and across various complex data types. Otherwise the analysis of complex data
would degenerate into a ragbag of ad-hoc techniques. For the first approach,
Kolmogorov complexity seems a good candidate for such a general technique.
We briefly discuss this in Section 2.

The main argument of this paper is that wavelets provide such a general tech-
nique for similarity (and other notions) based on local structure in the complex
data items, this is discussed in the rest of the paper. In Section 3, we discuss how
we have used wavelets on two problems on sets of time series. Since wavelets are
not yet a standard tool in the data miners toolbox, this section also contains a
brief introduction into wavelet decomposition. In Section 4, we argue that the
wavelet decomposition is also applicable for other types of complex data. In the
final section we formulate our conclusions.

Perhaps the simplest form of complex data is a collection of texts. For ex-
ample, a set of articles or books. A recurrent problem in history has been: can
we assign an author to a text. Either because the author has stayed anonymous
or because it is suspected that the author has used a pseudonym. A controver-
sial example of the latter is the question whether all of the works attributed to
Shakespeare were actually written by Shakespeare.

A less controversial and perhaps more famous example in the statistical lit-
erature is that of the The Federalist papers [11]. These papers were written by
Alexander Hamilton, John Jay, and James Madison to persuade the citizens of
the State of New York to ratify the Constitution [IT]. The author of most of
these papers is known, but the authorship of 12 of them is in dispute between
Hamilton and Madison. In their study [I1] Mosteller and Wallace search for
words whose usage-frequency discriminates between Hamilton and Madison.

Word-frequencies are probably the most simple features one can derive from
text. But they play an important role in information retrieval and in text min-
ing. For classification, however, word-frequencies are perhaps too simple features
since other stylistic aspects are not taken into account at all. Hence, it is inter-
esting to see what similarity measures one can define on the complete texts
directly.

In a recent paper [I], the authors propose to use WinZip for the task of
assigning papers to authors. The motivation is that compression algorithms such
as Lempel-Ziv encoding exploit the structure in a text. Hence, for texts A and
B, they define:

— L4 = the length of Lempel-Ziv encoding of A in bits,
— let b be a (small) introductory part of B:

Apy=Layy — Ly
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To test how well A4, can be used to assign texts to authors, they use a corpus
of 90 texts by 11 authors and perform 90 experiments. In each experiment, they
take one of the texts as produced by an unknown author X. To discover the
author, the search for the (remaining) text A; that minimizes A4,,. The author
of A; is then predicted to be the author of X. In 84 out of the 90 experiments
this prediction was correct.

On request of a Dutch newspaper, NRC Handelsblad, Benedetto et al have
used this technique to solve an open case in contemporary Dutch literature: are
the authors Arnon Grunberg and Marek van der Jagt one and the same person?
Based on style-similarities and the elusiveness of the second author (only contact
via e-mail), this is what critics suspected. Despite this controversy, van der Jagt
got a prize for the best debut a couple of years after Grunberg picked it up.

Using a collection of other contemporary writers, the results pointed to Grun-
berg. Clearly, in itself this proves nothing. However, the author conceded. Fortu-
nately, right after this show-down a new unknown writer, Aristide von Bienefelt,
debuted. Again it is rumored that this is actually Grunberg.

To motivate the suitability of their approach, Benedetto et al refer to Kolo-
mogorov complexity [8], but they do not actually explore this avenue. In that
book, Li and Vitanyi already introduced an information distance between two
binary strings. In subsequent work, together with co-authors, they refined this
notion, see e.g., [2] and showed that it applicable in many cases.

The Kolmogorov complexity of string z, denoted by K(x) is the length of
the shortest program of a universal computer that outputs x. Up to an addi-
tive constant, K (z) is independent of the particular machine chosen. Similarly,
K (z|y*) is defined as the length of the shortest program that computes = given
y* as input; see [§] for more details.

In [7] the normalised information distance between two strings = and y is
defined by:
maz{K(x|y*), K(y|z*)}

d(z,y) = maz{K (), K(y)}

Moreover, it is proved that this measure is universal in the sense that it minorizes
every remotely computable type of dissimilarity measure.

The problem in applying such distance measures is that K(z) is not com-
putable. Hence, the trick in the applications is to use a suitable approximation
of K(x), see the cited literature for more details.

2 Complex Data: Time Series

Kolmogorov complexity is universal. However, there are problems and complex
data types for which it is not obviously the best solution. For example, in cases
where it is not the complete complex data item that is important, but “only”
local patterns in that data. In this section, we discuss such an example and
illustrate how we have tackled it using wavelets.
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2.1 The Problem

Banks follow large collections (over a million items) of financial and economic
time series, on stock-prices, exchange rates, interest rates, unemployment rates
et cetera. This information is, e.g., used to compute the combined risk of the
banks portfolio or to determine opportunities for stock-exchange transactions.

Unfortunately, the time-series are not without error. Since the data are used
almost instantaneously and potentially large amounts of money are involved,
it is of utmost importance that such errors are recognized as early as possible.
The sheer number of time series implies that most of the work has to be done
automatically, involving people only if one is fairly certain of a mistake. Both the
number of false positives and the number of false negatives should be as small
as possible. Large mistakes are easily recognisable, hence we focus on relatively
small errors.

One way to attack this problem is by modelling each individual time-series
and signal whenever the new reported value differs from the predicted value. The
problem here lies obviously in the accuracy of the prediction. Although there are
numerous studies in which the authors attempt to model stock prices, we have
chosen another approach. If only because the number of data miners we know
that live on an estate in the country and are driven around in Rolls-Royces is
fairly 10.

Our approach is based on the behaviour of time series.

Outliers: are signalled if an individual time-series suddenly behaves completely
differently from its (recent) past.

Group-outliers: are time-series that suddenly behave differently from their
peer group. These peer-groups are constructed by clustering time-series on
their recent behaviour; note that the idea of peer-groups has also been used
for fraud-detection in [3].

Note that in both cases, the similarity is based on the recent past. It is not a
priori clear what time-frame defines the recent past. In other words, applying
Kolomogorov complexity based techniques is far from straightforward. We have
opted to characterise the recent past using wavelet decomposition. The advan-
tage of such a multi-scale method is that one discovers what constitutes the
recent past while analysing.

2.2 Introducing Wavelets

Since wavelets are not yet a common tool in data mining, we first give a brief
(and simplified) introduction to wavelets. It is well-known that a function f
supported on [—s, s] can be represented by a Fourier series:

f(:]]) _ Z cneQﬂ'in(w/Qs)
n=0

L Of course, it is entirely possible that these successful data miners do not publish
their methods because they make so much money out of their ideas.
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in which the Fourier transforms are computed by the convolutions with
e—27rit(n/2s) ie.

Cp = ° f(t)ef27rit(n/2s)dt
—S
Moreover, for reasonable functions f (integrable in the L? sense) this can be
extended to the whole domain of f.

For our purposes, the disadvantage of global transformations such as the
Fourier transform is that they do not support the local analysis of functions.
That is, it is hard to see patterns The wavelet transforms provides such locality
because of the limited (effective) support of wavelets. In addition, they poses
the often very desirable ability of filtering the polynomial behaviour to some
predefined degree. For time-series data this means that we can easily handle non-
stationarities like global or local trends or biases. Last described, but certainly
not least for our purposes, one of the main aspects of wavelet transforms is
the ability to reveal the hierarchy of (singular) features including the scaling
behaviour - the so-called scale-free behaviour.

Wavelet transforms are, like Fourier transforms, computed by convolutions.
The difference is that we don’t use a function of infinite support like e®, but a
function with a localised (effective) support: the wavelet.

Usually, one starts with a smoothing kernel 8. The wavelet is then a deriva-
tive ¥ of the kernel §. With Fourier transforms, we only have a scaling parameter
s, but since wavelets have a limited domain, we also have a translation param-
eter b. That is, we compute transforms by convolutions with . Denoting the
convolution by < f,1 > we have:

r—2>b
s

W) =< £ > (50) = < [ fap(*=2)ds

In the continuous case, the the Gaussian smoothing kernel 6(z) =
exp(—x?/2) has optimal localisation in both frequency and position. An often
used wavelet derived from this kernel is its second derivative which is called the
Mezican hafl.

If we compute the continuous wavelet transform (CWT) of fractional Brow-
nian motion using the Mexican hat wavelet, we get figure [[

The front axis is the position, the scale axis pointing “in depth” is (as tra-
ditional) in logarithmic scale, while the vertical axis denotes the magnitude of
the transform. This 3D plot shows how the wavelet transform reveals more and
more detail while going towards smaller scales, i.e. towards smaller log(s) values.
This is why the wavelet transform is sometimes referred to as the ‘mathematical
microscope’.

As well as continuous wavelet transforms, there exist discrete transforms
(DWT). In this case the simplest kernel is the block function:

o) = 1 for0<z<1
] 0 otherwise

2 If you wonder why, draw its graph.
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Fig.1. CWT of Brownian motion

Which yields the Haar wavelet:

1 if0<z<0.5
Ylx)y=<¢ -1 if05 <z <1
0 otherwise

For a particular choice of scaling and translation parameters, we get the Haar
system:
Yep(x) =2"Y(27°z—b) s>0,b=0,...,2°

For an arbitrary time series f = {fi}ic(1,... 2~} on normalised support [0, 1]
we have in analogy with the Fourier series:

N 2™

f = fo + Z Zcm,lwm,l

m=0 [=0

In which f% =< f,0 > and ¢, =< f, %, > Moreover, the approximations
f7 of the time series f with the smoothing kernel 6, form a ‘ladder’ of multi-
resolution approximations:

27
FU=P 4 < fdin > i,

k=0

where f/ =< f,0; > and 0;, =2770(277z — k).

It is thus possible to ‘move’ from one approximation level j — 1 to another
level j by simply adding (subtracting for j to j—1 direction), the detail contained
in the corresponding wavelet coefficients c¢; j,k =0...27.
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The CWT is an extremely redundant representation of the data. A more
usful representation is the Wavelet Transform Modulus Maxima (WTMM) rep-
resentation, introduced by Mallat [9]. A maxima line in the 3D plot of the CWT
is a line where the wavelet transform reaches local maximum (with respect to
the position coordinate). Connecting such local maxima within the continuous
wavelet transform ‘landscape’ gives rise to the entire tree of maxima lines; the
WTTM. For our Brownian motion, we get figure 2
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Fig.2. WTTM plot of Brownian motion. The light lines are the minima lines, i.e.,

they connect the local minima, the dark lines the maxima lines, and the dots are the
bifurcations
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Restricting oneself to the collection of such maxima lines provides a partic-
ularly useful representation of the entire CWT. In particular (under suitable
conditions), we have the following power law proportionality for the wavelet
transform of the ¢solated cusp singularity in f(zo):

W) £(s,20) ~ 5] .

The exponents h(zo) are the local Hélder exponents, which describe the local
roughness of the time-series The Holder exponents provide a useful characteri-
sation of the time-series as we will see in the next section.

The most direct representation of the time series with the Haar decomposi-
tion scheme would be encoding a certain predefined, highest, i.e. most coarse,
resolution level s,,,., say one year resolution, and the details at the lower scales:
half (a year), quarter (of a year) etc., down to the minimal (finest) resolution of
interest s,,;», Which would often be defined by the lowest sampling rate of the
signals. The coefficients of the Haar decomposition between scales s,,42..8min
will be used for the representation:

Haar(f) ={¢; :{ = 8maz-8min; J = 1.2 }.

The Haar representation is directly suitable to serve for comparison purposes
when the absolute (i.e. not relative) values of the time series (and the local slope)
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are relevant. In many applications one would, however, rather work with value
independent, scale invariant representations. For that purpose, we have used a
number of different, special representations derived from the Haar decomposition
WT. To begin with, we will use the sign based representation. It uses only the
sign of the wavelet coefficient:

si,j = sgn(ci,;)

Another possibility to arrive at a scale invariant representation is to use the
difference of the logarithms (DOL) of values of the wavelet coefficient at the
highest scale and at the working scale:

DO

vPO% =log(lei ;1) — log(|era])

where ¢, j are working scale and position respectively, and c; 1 is the first coeffi-
cient of the corresponding Haar representation. Note that the sign representation
si,; of the time series is complementary/orthogonal to the DOL representation.

The DOL representation can be conveniently normalised to give the rate of
increase of vPOL with scale:

hij =vEP% [log(2)  fori>0.
This representation resembles the Holder exponent approximation introduced

above at the particular scale of resolution

2.3 Mining with Wavelets

To illustrate the usefulness of wavelets for our time-series problems, we recall
some of our published results. We start by looking for outliers in the single
time-series of figure [3.

118.2

"JPY_Dirty. TXT ——
‘JPY_Clean TXT'

178
176

117.4 | |
L J"wwwﬁMM
1172

i JW’N'(“‘W/N"A“J‘ WL’ JWWMWW’V\M fw ‘7

» f
116.8

11656

=
5

116.4
0

Fig. 3. The original time-series including spikes

The red spikes are obvious and are removed before we start our analysis. The
local Holder exponents are plotted in figure[d. By thresholding on h we separate
the outliers from the rest. The reader is referred to [15] for more details.
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Fig. 5. The exchange rate of 1: Pound Sterling, 2: Canadian Dollar, 3: German Mark,
4: Japanese Yen, and 5: Swiss Frank against the US Dollar

For the similarity, we use a set of exchange rates against the dollar depicted
in fig[f

We plot the values of the correlation products for each of the pairs compared,
obtained with the Haar representation, the sign representation and the Holder
representation in figure[@] The reader is urged to see how well the representations
match his/her own visual estimate of similarity [16].

3 Other Types of Complex Data

The fact that wavelets work well for specific problems on sets of time-series does
not prove their generality. To argue that indeed they do form a widely applicable
tool, we briefly discuss two other complex dala types in Lhis section. Firstly
we discuss multimedia data, secondly we focus on DNA data. Since wavelets
originate in signal analysis, it should not come as a surprise that they are useful
for multimedia data, which is after all a collection of signals. That DNA data is
also a possible application area is perhaps more surprising.
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Fig. 6. The correlations for each of the pairs for the Haar, sign, and Holder repre-
sentation. Note, ¢(2, 5) stands for the correlation of the pair Canadian Dollar - Swiss
Frank.

3.1 Multimedia Data

Consider for example a database with tens or hundreds of thousands or even
millions of pictures. Ideally, each of this pictures would be amply annotated
such that one could find a picture of Marilyn Monroe in the sunset near the
Golden Gate bridge by simply typing in a few keywords. However, annotating
such large collections is prohibitively expensive. In fact, it is wishful thinking
that one could get coherent annotation schemes for pictures in a loosely coupled
distributed database as the world wide web.

Therefore, a large part of research in multi-media databases is devoted to
exploitation of patterns in the data items to enable searching for similar items
in such databases. This would allow, e.g., searching for pictures that are similar
to a given picture and, more difficult, to search for pictures using a sketch.

The difficulty of the problem is perhaps best illustrated by the wide variety
of of techniques persued for image databases. They range from global colour
histograms in some appropriate colour-space via collections of local colour his-
tograms and textures to wavelet transforms [[3]. With the possible exception
of global colour histograms, all these techniques focus on (local) structures in
the images to define similarity measures. The success of wavelet measures of
similarity for retrieval point to the possible usefulness of such measures for data
mining; see [14/17] for such and other appraoches.

3.2 DNA Data

The difference between species and between individual of one species is visible
at the molecular level as smaller or larger differences in their DNA. Because of
the mechanisms of evolution, the DNA of related species is highly similar or
homologuous. Alignment of two DNA strings is (in-exact) string matching while
maximising homology. The string matching for DNA differs from exact matching
in two ways [4].
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1. Two different characters may be matched for a cost that reflects the proba-
bility that the two characters derive from a common ancestor.

2. While matching, one may introduce a gap in one of the two strings; i.e., part
of the other string is matched to nothing. Again, there are costs associated
with starting and extending a gap.

With the cost information, the “cheapest” match is the most likely alignment
under the assumption that both strings derive from a common ancestor.

Rather than aligning just two strings one can also align multiple strings using
the same costs as for alignment of two strings. This results in an alignment that
is most likely if all strings derive from a common ancestor [4]. Aligning two or
more strings can, e,g, be used to cluster genomes to recover the path of evolution
in phylogenetic analysis [4].

For many problems, using the whole, or large parts of the, genome is best.
However, there are problems where one is only interested in local homology. One
such example is caused by the fact that bacteria are able to swap genes across
species. In such cases, local patterns can be useful.

Given the discrete nature of DNA data, it is perhaps surprising that wavelet
transforms can be exploited here. However, in [6] the authors show that one can
built an index on DNA strings using wavelets that facilitates range and k-nearest
neighbour searches.

They define the frequency vector f(s) of a string s as the vector
[na,ne,nr,ngl, in which nx denotes the frequency of X in s. One vector for
each DNA string in the database is clearly insufficient. Hence, they built a a
hierarchy of wavelet transforms of the string, where each transform is computed
from the function f on substrings of s. Of course, on smaller scales smaller sub-
strings are used. In other words, again the wavelet transforms focus on smaller
and smaller details of the data item.

The paper shows that this index works well if the edit distance is used. That
is, the costs we discussed earlier do not play a role. But the authors plan to
extend their work in this direction.

4 Conclusions

There are more and more complex datasets that need to be analysed. Such
an analysis requires that familiar notions such as similarity are generalised to
complex data types. There are two ways in which one can approach this problem.
In the first approach one defines the similarity directly on the complex data
types. In the second approach, one first computes local features or patterns on
the individual data items and defines the similarity on these local patterns.

In this paper we have argued that wavelets are a general tool for this second
approach. More in particular, we have discussed how we have used wavelets
to detect errors in collections of time-series. Moreover, we have discussed how
wavelets are used for multimedia data and DNA data.
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Clearly, this paper is neither the first nor the last word on this topic. We

plan more applications of wavelets on complex data types to convince others
and ourselves of their use in the data miners toolbox.
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Abstract. The problem of spurious apparent patterns arising by chance
is a fundamental one for pattern detection. Classical approaches, based
on adjustments such as the Bonferroni procedure, are arguably not ap-
propriate in a data mining context. Instead, methods based on the false
discovery rate - the proportion of flagged patterns which do not rep-
resent an underlying reality - may be more relevant. We describe such
procedures and illustrate their application on a marketing dataset.

1 Introduction

There are two rather different kinds of data mining activity [1], [2]. One kind,
which has a long history and sound theoretical base, is that of the overall de-
scriptive summary or modelling of a data set. Tools for this kind of exploration
have been rigorously developed by statisticians. They include regression, cluster
analysis, and tree methods. The other kind of data mining activity, which has
been the subject of formal investigation for only a relatively short period, is
pattern detection. A pattern is a local feature of the data; a property of only a
few cases or a small part of the data. Examples of patterns include transient,
occasionally repeated, features in EEG trace, outliers, anomaly detection, sud-
den changes of behaviour, head and shoulders patterns in technical analysis,
sequences of nucleotides, bread dominoes in market basket analysis, and so on.

It is perhaps surprising that the theoretical exploration of the concept of
pattern is so recent, given that so much of our knowledge is encapsulated in this
form. That is, we often try to understand the world via simple patterns. Thus,
for example, we know that people who smoke are more likely to suffer from lung
cancer, that simultaneous use of a credit card in two different locations suggests
fraud, that gravitational microlensing suggests a black hole, and that certain
features in meteorology represented by pressure troughs, pressure centres, and
so on are predictive of high winds. Rule-based systems (e.g. [3]), which became
very popular in thel980s as the architecture underlying expert systems (e.g.
@], [5]) represent one kind of pattern, but patterns are more general than the
simple antecedent-consequent form of rules. We speculate that the reason for
the relatively recent interest in formal methods for pattern detection is that
non-trivial such exercises require substantial computing power, and this has
only become available recently. This would also explain why statisticians have

D.J. Hand et al. (Eds.): Pattern Detection and Discovery, LNAT 2447, pp. 36-48, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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not developed a theory for this area, and why most of the work has arisen in
more computational disciplines, such as data mining, artificial intelligence, and
machine learning.

Examination of the pattern detection literature reveals that by far the ma-
jority of the publications in the area deal with methods for pattern detection -
that is, with algorithms - and some rather sophisticated and highly efficient tools
have been developed for certain application areas. We are thinking, especially,
of association analysis and genome analysis. However, relatively little considera-
tion has been given to the statistical properties of patterns. This matters because
the extensive pattern search, over a large, often vast, space of possible patterns,
means that many of the structures identified as possible patterns will be spu-
rious, in the sense that they will have arisen because of a chance configuration
of data points, not representing any underlying reality. We might describe such
patterns as ’false’ because they are simply chance occurrences. This matters be-
cause of the very real danger that many, perhaps most, of the detected patterns
will be false. This will lead to mistaken decisions, inappropriate actions, and, of
course, a backlash against data mining.

In Section [2 of this paper we describe the background to the problem and
introduce our terminology. In Section Bl we describe how the control of false
discovery rate may be a more appropriate strategy in data mining than the
classic control of familywise error rate. In Section Ml we illustrate with a market
basket analysis example. SectionBlillustrates further difficulties which arise when
there are large numbers of potential patterns to be examined.

2 Background

In pattern detection data mining, one searches through a huge pattern space,
identifying those particular configurations which have a criterion value exceed-
ing some threshold. Criteria such as confidence ([6], [7], [8]) are especially fa-
miliar in data mining contexts, though any other measure of departure from a
background model can be used (such as log odds, the size of a residual, or an
atypicality measure, as in outlier detection). Interest in these patterns rarely
lies in the observed data themselves, but is usually aimed at inferences from
them. For example, we will generally not be interested in the fact that this year
the transactions recorded in our database showed that most people who bought
items A and B also bought item C. Rather, we will want to know whether this
generalises to other people who might buy items A and B - for example, next
year’s set of purchasers. Put another way, we will want to know if the criterion
value obtained from the available data represents a real underlying relationship,
or could have arisen by chance even though the process generating the data
includes no such relationship.

This means that the output of our data mining algorithm should include two
pieces of information: firstly, the criterion value of the detected A-B-C pattern
(e.g. its confidence measure), and, secondly, the probability that the observed
criterion value for the pattern could have arisen by chance if there is no real
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underlying relationship. A sizeable value for the criterion tells that the pattern
is worth knowing about, and a small probability tells us that it is unlikely that the
pattern is simply an accidental grouping of this year’s customers. The second of
these notions is formalised in terms of the significance probability: the probability
that we would observe an A-B-C pattern with a criterion as large as that observed
in our data if there was no relationship in the underlying population. If the size
of the criterion is above some threshold and the significance probability is below
some threshold, then the pattern is deemed worthy of further investigation.
At this point it will help if we introduce some terminology. We define:

— A pattern is a vector of data values.

— A flagged pattern is one for which the criterion value (e.g. confidence) exceeds
the criterion threshold.

— A significant pattern is one for which the significance probability is less than
a threshold called the significance level. A pattern which is not significant
will be termed non-significant.

— A substantive pattern is one for which there is a genuine propensity for
values to be related. A pattern which is not substantive will be termed non-
substantive.

We will also use the following terms:

— Of the significant patterns, the proportion which are substantive is the hit
rate.

— Of the significant patterns, the proportion which are not substantive is the
false discovery rate.

The concept of significance is well known, even if it is rarely taken into
account in data mining algorithms. The consequence of ignoring it is that one
may identify many patterns as being of potential interest (i.e. flag them) even
though it is unlikely that they are substantive (i.e. even though it is unlikely they
represent anything of real substance which generalises beyond the particular set
of data being analysed). Since such flagged patterns will generally be the subject
of detailed investigation, this represents a waste of resources, as well as leading
to doubt being cast on the data mining enterprise.

It is also well known that fixing the significance level for individual patterns
can lead to identifying many non-substantive patterns as significant. For exam-
ple, to take an extreme situation, suppose that a population of 100,000 patterns
contains none which are substantive, and that each of the 100,000 is tested at the
5% level. Then elementary theory shows that the probability that the algorithm
identifies no patterns as significant, which is the ideal result, is 0.9510°. This is
vanishingly small. In general, in these extreme circumstances the probability that
k patterns will be detected as significant is 10" Cy x 0.05% x 0.9519° =% Although
this is an extreme example, in general, when there do exist some substantive
patterns, controlling for the significance of each pattern individually leads to
a situation in which many of the flagged patterns correspond to situations in
which there is no underlying structure.
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To overcome this problem, rather than fixing the level at which each pattern is
tested, multiple comparison procedures have been developed which fix the overall
probability that any non-substantive pattern will be detected as significant (e.g.
[9], [L0]). This overall level is termed the familywise error rate.

Standard multiple comparison procedures have the opposite disadvantage
from fixing the significance level of each individual test. By fixing the overall
level, such procedures ensure that the probability of concluding that each in-
dividual non-substantive pattern is significant is very low indeed. But it also
follows that the probability of detecting a substantive pattern as significant is
very small. (Each individual test has low power.) In general, only substantive
patterns which have a very large criterion value indeed have more than a tiny
chance of being declared significant. Patterns with very large criterion values will
generally be already well-known, and the purpose of data mining is not merely
to replicate things that are already familiar.

We see from the above that conventional approaches control the probability
of declaring at least one non-substantive pattern to be significant. However, in
the data mining context, perhaps a more appropriate measure to control would
be the proportion of significant patterns which are in fact non-substantive. This
tells us what fraction of those patterns we declare as worth investigating fur-
ther do not reflect a genuine underlying relationship. In economic terms, this
may be more relevant: for a given investigation cost, from this we can say what
proportion of our significant patterns are likely to be real, and hence what pro-
portion are possibly commercially valuable. We look at these measures and their
properties in more detail in the next section.

3 Familywise Error Rate, False Discovery Rate, and
Controlling the False Discovery Rate

In Section 2] we suggested that, the proportion of significant patterns which
did not represent true underlying structures (i.e. were not substantive) might
be more appropriate than the conventional multiple comparisons test criteria
for use in data mining. Unfortunately, since the 'underlying reality’ is never
actually known, we cannot determine this. What we can do, however, following
[T1] is control the expected value of the proportion of significant patterns which
represent non-substantive patterns: the expected false discovery rate. Adopting
the notation shown in Table[D] this is E (b/(b + d)).

Table 1. Numbers of patterns in each category.

Non-significant|Significant

Non-substantive a b
Substantive c d
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The familywise error rate of conventional approaches is P (b > 0) , the proba-
bility that at least one non-substantive hypothesis is rejected. Using these defini-
tions, Benjamini and Hochberg [11] show that E (b/(b+ d)) < P (b > 0). Build-
ing on this result, Benjamini and Hochberg [LI] demonstrate that the following
simple procedure controls the false discovery rate at g. Suppose there are M pat-
terns, and that the éth has significance probability .S;. Let O (i) be the function
which orders these, so that

S(l) < 5(2) <. < S(M)

where significance probability S(;) corresponds to pattern O~1 (i). Then declare
as significant all patterns for which S(;) <ig/m.

4 Market Basket Example

Before we can control the expected false discovery rate, we require probabilities
that the patterns discovered have arisen from our baseline distribution. In our
example we count the pairwise associations of unique product types in 77,425
baskets from a Belgian supermarket. In this data set products of a similar type,
e.g. different kinds of apples, were given the same identifier. Identifiers were
recorded as distinct numerical codes in order to preserve the anonymity of the
product types in the data set for commercial reasons. The baseline we choose
here to illustrate the multiplicity phenomenon is that of independence; that is
to say, we define a substantive pattern as one that does not occur by chance.
In this example, we might expect to see ‘uninteresting’ patterns as well as in-
teresting ones. The probability assigned to an association reflects its departure
from the independence assumption and makes no assumptions about what is
interesting to the domain user. In this respect it marks the beginning of the
knowledge discovery process, producing a subset of results for the domain ex-
pert to examine. DuMouchel [12] looks at drug/event associations, reflecting
that the independence assumption is unlikely to hold in this application, and
modifying the baseline distribution by introducing a five-parameter prior to a
log-linear model. We consider the independence baseline model for pairwise as-
sociation analysis in this example as it is more likely to hold in market basket
analysis; probabilities are easy to interpret and thus help illustrate the multiple
comparison phenomenon.

We adopt the notation of [12], but omit the stratification variable. Thus,
the number of baskets containing item I}, is denoted by Ny, and the number of
baskets containing both items Iy, and I; is denoted by ;. The baseline frequency
(the expected number of baskets containing both items I and I;) is denoted by
FE;. Under the independence assumption we estimate this by

. NN,
B = jvl (1)

Using arguments from elementary probability, we assume that each basket is
independently drawn from a large population of baskets. The distribution of a
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particular item, Iy, in a basket is Bernoulli with parameter pj and is the same for
each basket in this population, independent of the other items in the basket. If
we have N independently distributed baskets, the distribution of Ni, the number
baskets that contain item k, is Binomial(V, py). If py is small and N large then
we can approximate Ny by a Poisson(Npy) or for very large N by Normal(Npy,
Npi(1-pg)). We do not know the probabilities py, but we can estimate them in
the usual way by

Pr = ZI((xlk)i =1)/N

or in other words py = Ni/N.

However, we are interested in associations and we would like to compare
the number of baskets containing some itemset (of size > 1) with a baseline
expectation based on the assumption that the items within this itemset are
distributed in baskets independently of each other. Suppose we have an itemset
of size two consisting of items I and Ij; the distribution of the number of
baskets containing both items I;, and I;, Ny, is Binomial(N, py;), with possible
approximations by Poisson(Npg;) or Normal(Npg;, Npki(1-pr)). Again, we do
not know the underlying probability that a basket contains both items [ and
I, pki, but under the assumption of independence in our baseline distribution
we can write px; = prp;- We can thus estimate pg; by pr; = prpr and obtain
Ekl = Npipr = NipN;/N as our estimate of the expected baseline frequency as
above.

To obtain probabilities of obtaining more extreme values of Ny; than those
we have observed, we compare Ni; with a Poisson(NgN;/N) distribution.

For comparison purposes we created an artificial data set by taking the
marginal counts for each product in the real data set and assigning this num-
ber of products randomly over each of 77,425 baskets. For example, if product
A occurs in 2,463 baskets in the real data set then it is allocated randomly to
the same number of baskets in the artificial data set. Each product is assigned
independently of other products in each basket and so we expect no significant
associations. The distribution of observed values forms a kind of empirical null
distribution with which to compare values from the real data set.

We counted all pairwise associations (/Ni;) and product margins (/N ) for both
the real and artificial basket data sets using the Apriori algorithm. There were
2,273,617 different pairwise associations in the artificial data set and 3,244,043 in
the real data set (out of a possible 127,560,378). We can see that the real data set
contains both very large and very small baskets with a higher frequency than the
random data set (Figure[ll) and that the null hypothesis of independence may not
hold for some associations. This suggests that the simple independence model
may not be ideal for this problem, and perhaps one should adopt a model that
reflects the observed basket size. Figure[2 shows the distribution of observed and
expected numbers of pairwise associations in the real and artificial data sets; the
expected numbers of associations were calculated using Equation [ This figure
shows that the observed values of the pairwise associations from the real data
set show greater variance than those from the artificial data set representing
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the independence model. The black crosses (in the region to the top-left of the
figure) represent pairwise associations whose observed counts are so high as to
be highly unlikely (with probability less than 10716) to have arisen from the
baseline model of independence.

Data.Set: Real
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Data.Set: Artificial
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Fig. 1. Histogram of basket sizes for the market basket data.

We applied Benjamini/Hochberg and Bonferroni adjustments to p-values ob-
tained from significance tests from Poisson distributions as described. As there
are 127,560,378 possible pairwise associations we must include all of these in the
analysis; those associations with zero count need not have p-values calculated
explicitly as these will have p-values close to 1: 127,560,378 is simply used as
the divisor m in Section 3 above. Table 2 and Table Blshow the number of asso-
ciations flagged as being significant after the Benjamini/Hochberg adjustment
of p-values for the real and artificial data sets respectively. Table ll and Table Bl
show the number of associations flagged as being significant after the Bonferroni
adjustment of p-values for the real and artificial data sets respectively.

It is clear that in a data set of this size and with the global model poorly
specified (there is evidence to suggest that the independence assumption is in-
correct for many thousands of associations, as we alluded to earlier), the Ben-
jamini/Hochberg correction is not conservative enough to reduce to practical
levels the number of associations for a domain expert to assess, unless the sig-
nificance level is made very small indeed. The more conservative Bonferroni
adjustment reduces the number of candidate patterns to a more manageable
number.
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Table 2. Benjamini/Tochberg flags on Real data set.

Significance level (%)|Number of associations| Percentage of total
non-zero associations

b} 810007 25.00

1 346846 10.69

0.1 89050 25

0.01 30781 (.95

0.001 15918 0.49

0.0001 11095 0.34

Table 3. Benjamini/Hochberg Hlags on Artificial data set.

Significance level (%)

Number of associations

Percentage of total
non-zero associations

5 246748 10.85

1 65943 2.90

0.1 1884 0.08
0.01 0 0
0.001 0 0

0.0001

43

Fig. 2. Plot of observed and expected values for associations. Random basket data
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Table 4. Bonferroni flags on Real data set.

Significance level (%)|Number of associations| Percentage of total
non-zero associations
13459 0.41
1 10780 0.33
0.1 8523 0.26
0.01 7008 0.22
0.001 5867 0.18
0.0001 5000 0.15

Table 5. Bonferroni flags on Artificial data set.

Significance level (%)|Number of associations| Percentage of total
non-zero associations

5 118 0.01

1 2 0.00
0.1 0 0
0.01 0 0
0.001 0 0
0.0001 0 0

5 Too Many Possibilities, Too Few Patterns?

Pattern detection data mining aims to detect the classic needle in the haystack.
The fact that this can even be contemplated as a real possibility is thanks to
the computer. However, the computer is merely a tool, and cannot overcome
fundamental structural problems. In this section we illustrate two difficulties
which arise from the fact that there are large numbers of potential patterns, but
only relative few genuine patterns.

We first use a simple artificial example to demonstrate a fundamental law of
diminishing returns which will affect all pattern detection data mining efforts.

In general, whatever strategy one adopts for deciding which patterns to in-
vestigate in detail, the general approach will be to compare the criterion value
for each putative pattern with a threshold and accept or reject that pattern
for further investigation according to whether or not the criterion exceeds the
threshold. The lower the threshold, the more patterns which will be chosen for
further investigation. Unfortunately, however, there is generally a negative cor-
relation between the number of patterns flagged as worth investigating and the
proportion of investigated patterns which turn out to be ‘real’.

We shall take the (grossly oversimplified) situation in which there are only
two population situations underlying the patterns explored: situations where
there are no structures and situations where there are structures, with all these
being identical in size. The distribution of values of the pattern criterion will
depend on what criterion is used. For example, if the criterion is a proportion
of cases showing a certain pattern of values (e.g., a pattern of purchases) then a
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binomial or Poisson distribution might be appropriate. However, for illustrative
purposes, and to keep things simple, we shall suppose that the pattern criterion
follows a normal distribution. In particular, we shall suppose that the observed
pattern criteria for situations where there is no real structure in the populations
takes values which follow a standard normal distribution, N (0, 1), and that
the observed pattern criteria for situations where there is real structure in the
populations takes values which follow a normal distribution with unit variance
and mean 1, N (1, 1). For simplicity, we shall call the ‘no real structure’ cases,
‘class 0’ cases, and the others ‘class 1’ cases. Suppose also that ng of the patterns
explored have no underlying population structure, and n, of them do have an
underlying population structure. We can let ng = knj, where k£ > 0 is a value
indicating the ratio of the two population samples; setting & < 1 implies that
there are more patterns with real structure whereas setting £ > limplies fewer
patterns with real structure — the more likely scenario.

Detected apparent patterns are flagged as being worthy of closer investigation
if their criterion value exceeds some threshold. For any given threshold value, let
nyjirepresent the number of class 1 (real structure) cases which have criterion
value exceeding the threshold, and 7|y represent the number of class 0 (no
real structure) cases which have criterion value exceeding the threshold. Then
the proportion of real structure cases amongst those exceeding the threshold is
n1|1/(n1‘0 +nqj1). Figure [ shows this proportion plotted against a threshold
value for various values of k.

We see that, as the threshold value increases, so the proportion belonging
to the ’real structure’ class increases. However, as the ratio of real to non-real
structure decreases (k increases), we see that the proportion belonging to the
real structure class, above a particular threshold value, decreases.

In practical terms this means is that it is better to restrict oneself to recom-
mending just the few largest patterns. The more one relaxes this, and the more
patterns one recommends investigating in detail, so the lower one’s hit rate will
become, especially when there are relatively few real patterns in the data: there
is a pronounced law of diminishing returns.

There is a secondary cautionary note that might be appended here: it seems
probable that, the greater the difference between the threshold and the crite-
rion value, the more likely it is that the pattern will already be known. We
have already seen some evidence that pattern detection is suffering from this
phenomenon. For example, the observation, reported in a real study, that the
number of married men is almost exactly equal to the number of married women,
and the discovery, again in a real study, that almost all money transfers to US
banks occur in dollars, do little to inspire one’s confidence in pattern detection
as a useful tool.

The example in this section relates especially to measures of the effectiveness
of pattern detection algorithms. In the above, we have described the false discov-
ery rate as an appropriate tool, but others report other measures. In particular,
referring to Table [[l popular measures of performance are the ratios a/(a + b)
and b/(c + d). (In epidemiology, in particular, these are very popular, and corre-
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Fig. 3. The proportion of real structure cases amongst those exceeding the threshold
value for different values of k.

spond to estimates of the sensitivity and specificity of a screening or diagnostic
tool, respectively ([13])). That these can be grossly misleading is seen from the
numerical example given in Table Bl Using these numbers, we see that:

1) 20000,/20500 = 97.6% of the non-substantive patterns are not flagged as worth
investigating.

2) 90/99 = 90.9% of the substantive patterns are flagged as worth investigating.
Both of these results are very good, and perhaps suggest that the algorithm
iz highly effective. However,

3) 500/590 = 84.7% of those flagged as worth investigating are in fact non-
substantive (this is the false discovery rate).

The superficial contradiction between the popular measures of sensitivity and
specificity and the relevant measure of false discovery rate arises because of the
very low prevalence (0.05%) of the putative patterns which are substantive.

Table 6. Numbers of patterns in each category.

Not flagged|Flagged
Non-substantive| 20000 500
Substantive 10 a0
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6 Conclusions

Pattern detection data mining must face the problem of multiplicity: by chance
alone, amongst the vast numbers of potential patterns examined, we would ex-
pect to find some, perhaps many, which are anomalously high. This is in addi-
tion to spurious patterns arising from distorted data. Without tools for handling
this problem, a large number, perhaps even the majority of detected apparent
patterns, will be chance phenomena of the data, and will not reflect any true
underlying reality. There are several dangers associated with this. At a low level,
it will mean that detected apparent patterns which lead to expenditure and in-
vestment, subsequently turn out to be false. Moreover, there will be additional
cultural and societal consequences. Recent examples are the fear of a link be-
tween MMR vaccinations and autism, and racial discrimination in efforts to
detect potential terrorists boarding aircraft. Other examples are not hard to
find.

Classical approaches to this problem are based on multiple comparison proce-
dures, such as the Bonferroni adjustment for familywise error rate. However, this
procedure can be overwhelmed by the large numbers of putative patterns exam-
ined in data mining. In this paper we have examined an alternative approach,
based on the (more relevant) false discovery rate, rather than the familywise
error rate.
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Abstract. This paper describes an unsupervised algorithm for segment-
ing categorical time series into episodes. The VOTING-EXPERTS algo-
rithm first collects statistics about the frequency and boundary entropy
of ngrams, then passes a window over the series and has two “expert
methods” decide where in the window boundaries should be drawn. The
algorithm successfully segments text into words in four languages. The al-
gorithm also segments time series of robot sensor data into subsequences
that represent episodes in the life of the robot. We claim that VOTING-
EXPERTS finds meaningful episodes in categorical time series because it
exploits two statistical characteristics of meaningful episodes.

1 Introduction

Though we live in a continuous world, we have the impression that experience
comprises episodes: writing a paragraph, having lunch, going for a walk, and
so on. Episodes have hierarchical structure; for instance, writing a paragraph
involves thinking of what to say, saying it, editing it; and these are themselves
episodes. Do these examples of episodes have anything in common? Is there a
domain-independent, formal notion of episode sufficient, say, for an agent to
segment continuous experience into meaningful units?

One can distinguish three ways to identify episode boundaries: First, they
may be marked, as spaces mark word boundaries and promoters mark coding
regions in DNA. Second, episodes may be recognized. For instance, we recognize
nine words in the sequence “itwasabrightcolddayinapriland”. Third we might
infer episode boundaries given the statistical structure of a series. For exam-
ple, “juxbtbcsjhiudpmeebzjobgsjmboe” is formally (statistically) identical with
“itwasabrightcolddayinapriland” — one is obtained from the other by replacing
each letter with the adjacent one in the alphabet — however, the latter is easily
segmented by recognition whereas the former requires inference.

This paper proposes two statistical characteristics of episode boundaries and
reports experiments with an unsupervised algorithm called VOTING-EXPERTS
based on these characteristics. We offer the conjecture that these characteris-
tics are domain-independent and illustrate the point by segmenting text in four
languages.

D.J. Hand et al. (Eds.): Pattern Detection and Discovery, LNAT 2447, pp. 4962, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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2 The Episode Boundary Problem

Suppose we remove all the spaces and punctuation from a text, can an algorithm
figure out where the word boundaries should go? Here is the result of running
VOTING-EXPERTS on the first 500 characters of George Orwell’s 1984. The *
symbols are induced boundaries:

Itwas * a % bright x cold * day x in x April x andthe *x clockswere x st * ri x
king % thi x rteen * Winston * Smith % his x chin x nuzzl x edinto * his * brea
* st x in x aneffort x to x escape x the x vilewind * slipped * quickly * through
* the * glass * door * sof * Victory * Mansions * though * not * quickly x
en x ought x oprevent * aswirl x ofgrit x tydust x from * ent x er x inga *
long x with x himThe * hall x ways * meltof x boiled x cabbage * and x old %
ragmatsA *x tone x endof % it x acoloured * poster x too x large * for x indoor
* dis * play * hadbeen x tack x ed x tothe x wall x It x depicted * simplya *
n * enormous * face x more x than * ametre » widethe x faceof x aman * of *
about x fortyfive x witha x heavy x black * moustache * and * rugged x ly *
handsome * featur

The segmentation is imperfect: Words are run together (ltwas, aneffort) and
broken apart (st x ri x king). Occasionally, words are split between segments
(to in en * ought x oprevent). Still, the segmentation is surprisingly good when
one considers that it is based on nothing more than statistical features of sub-
sequences of letters — not words, as no word boundaries are available — in
Orwell’s text.

How can an algorithm identify subsequences that are meaningful in a domain
lacking any knowledge about the domain; and particularly, lacking positive and
negative training instances of meaningful subsequences? VOTING-EXPERTS must
somehow detect domain-independent indicators of the boundaries of meaningful
subsequences. In fact, this is a good description of what it does. It implements
a weak theory of domain-independent features of meaningful units. The first of
these features is that entropy remains low inside meaningful units and increases
at their boundaries; the second is that high-frequency subsequences are more
apt to be meaningful than low-frequency ones.

3 Characteristics of Episodes

The features of episodes that we have implemented in the VOTING-EXPERTS
algorithm are called boundary entropy and frequency:

Boundary entropy. Every unique subsequence is characterized by the distri-
bution of subsequences that follow it; for example, the subsequence “en” in this
sentence repeats seven times and is followed by tokens ¢ (4 times), ¢, s and 7, a
distribution of symbols with an entropy value (1.66, as it happens). In general,
every subsequence S has a boundary entropy, which is the entropy of the distri-
bution of subsequences of length m that follow it. If S is an episode, then the
boundary entropies of subsequences of S will have an interesting profile: They
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will start relatively high, then sometimes drop, then peak at the last element of
S. The reasons for this are first, that the predictability of elements within an
episode increases as the episode extends over time; and second, the elements that
immediately follow an episode are relatively uncertain. Said differently, within
episodes, we know roughly what will happen, but at episode boundaries we be-
come uncertain.

Frequency. Episodes, recall, are meaningful sequences. They are patterns in
a domain that we call out as special, important, valuable, worth committing
to memory, worth naming, etc. One reason to consider a pattern meaningful
is that one can use it for something, like prediction. (Predictiveness is another
characteristic of episodes nicely summarized by entropy.) Rare patterns are less
useful than common ones simply because they arise infrequently, so all human
and animal learning places a premium on frequency. In general, episodes are
common patterns, but not all common patterns are episodes.

4 Related Work

Many methods have been developed for segmenting time series. Of these, many
deal with continuous time series, and are not directly applicable to the problem
we are considering here. Some methods for categorical series are based on com-
pression (e.g., [1]), but compression alone finds common, not necessarily mean-
ingful, subsequences. Some methods are trained to find instances of patterns or
templates (e.g., [213]) or use a supervised form of compression (e.g., [4]), but we
wanted an unsupervised method. There is some work on segmentation in the
natural language and information retrieval literature, for instance, techniques
for segmenting Chinese, which has no word boundaries in its orthography, but
again, these methods are often supervised. The method in [5] is similar to ours,
though it requires supervised training on very large corpora. The parsing based
on mutual information statistics approach in [6] is similar to our notion of bound-
ary entropy. [7] provides a developmentally plausible unsupervised algorithm for
word segmentation, but the procedure assumes known utterance boundaries. [g]
give an unsupervised segmentation procedure for Japanese, however it too sup-
poses known sequence boundaries. With minor alterations, their segmentation
technique is applicable to our domain, but we found that VOTING-EXPERTS
consistently outperforms it. We know of no related research on characteristics
of meaningful episodes, that is, statistical markers of boundaries of meaning-
carrying subsequences.

5 The Voting Experts Algorithm

VOTING-EXPERTS includes experts that attend to boundary entropy and fre-
quency and is easily extensible to include experts that attend to other charac-
teristics of episodes. The algorithm simply moves a window across a time series
and asks for each location in the window whether to “cut” the series at that
location. Each expert casts a vote. Each location takes n steps to traverse a
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window of size n, and is seen by the experts in n different contexts, and may
accrue up to n votes from each expert. Given the results of voting, it is a simple
matter to cut the series at locations with high vote counts. Here are the steps
of the algorithm:

Build an ngram trie of depth n+ 1. Nodes at level i + 1 of the trie represent
ngrams of length . The children of a node are the extensions of the ngram
represented by the node. For example, a b ¢ a b d produces the following trie of
depth 3:

Every ngram of length 2 or less in the sequence a b ¢ a b d is represented by
a node in this tree. The numbers in the lower half of the nodes represent the
frequencies of the subsequences. For example, the subsequence ab occurs twice,
and every occurrence of a is followed by b.

For the first 10,000 characters in Orwell’s text, an ngram trie of depth 8
includes 33774 nodes, of which 9109 are leaf nodes. That is, there are over nine
thousand unique subsequences of length 7 in this sample of text, although the
average frequency of these subsequences is 1.1—most occur exactly once. The
average frequencies of subsequences of length 1 to 7 are 384.4, 23.1, 3.9, 1.8, 1.3,
1.2, and 1.1.

Calculate boundary entropy. The boundary entropy of an ngram is the en-
tropy of the distribution of tokens that can extend the ngram. The entropy of a
distribution for a discrete random variable X is

— > p(x)logp(z)

zeX

Boundary entropy is easily calculated from the trie. For example, the node
a in the tree above has entropy equal to zero because it has only one child, ab,
whereas the entropy of node b is 1.0 because it has two equiprobable children,
bc and bd. Clearly, only the first n levels of the ngram tree of depth n + 1 can
have node entropy scores.
Standardize frequencies and boundary entropies. In most domains, there
is a systematic relationship between the length and frequency of patterns; in
general, short patterns are more common than long ones (e.g., on average, for
subsets of 10,000 characters from Orwell’s text, 64 of the 100 most frequent
patterns are of length 2; 23 are of length 3, and so on). Our algorithm will
compare the frequencies and boundary entropies of ngrams of different lengths,
but in all cases we will be comparing how unusual these frequencies and entropies
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are, relative to other ngrams of the same length. To illustrate, consider the words
“a” and “an.” In the first 10000 characters of Orwell’s text, “a” occurs 743 times,
“an” 124 times, but “a” occurs only a little more frequently than other one-letter
ngrams, whereas “an” occurs much more often than other two-letter ngrams. In
this sense, “a” is ordinary, “an” is unusual. Although “a” is much more common
than “an” it is much less unusual relative to other ngrams of the same length.
To capture this notion, we standardize the frequencies and boundary entropies
of the ngrams. To standardize a value in a sample, subtract the sample mean
from the value and divide by the sample standard deviation. This has the effect
of expressing the value as the number of standard deviations it is away from the
sample mean. Standardized, the frequency of “a” is 1.1, whereas the frequency
of “an” is 20.4. In other words, the frequency of “an” is 20.4 standard deviations
above the mean frequency for sequences of the same length. We standardize
boundary entropies in the same way, and for the same reason.

Score potential segment boundaries. In a sequence of length k£ there are
k — 1 places to draw boundaries between segments, and, thus, there are 2¢~1
ways to divide the sequence into segments. Our algorithm is greedy in the sense
that it considers just k£ — 1, not 2°~!, ways to divide the sequence. It consid-
ers each possible boundary in order, starting at the beginning of the sequence.
The algorithm passes a window of length n over the sequence, halting at each
possible boundary. All of the locations within the window are considered, and
each garners zero or one vote from each expert. Because we have two experts,
for boundary-entropy and frequency, respectively, each possible boundary may
accrue a maximum of 2n votes. This is illustrated below.

entropy i a ¢ o I d

i t wia s PN
frequency a s a ¢ o 1 d . ..
entropy i s a ¢ o 1 d . ..
frequency i t 1 v:/ ajs a ¢ o 1 d
entropy i t (w a s{ia ¢ o 1 d
frequency it a ¢ o 1 d
‘i ‘ t % w‘ a ‘ s ’ a ¢ o 1 d
060 3 1 0 2

A window of length 3 is passed along the sequence itwasacold. Initially,
the window covers itw. The entropy and frequency experts each decide where
they could best insert a boundary within the window (more on this, below). The
entropy expert favors the boundary between t and w, while the frequency expert
favors the boundary between w and whatever comes next. Then the window
moves one location to the right and the process repeats. This time, both experts
decide to place the boundary between t and w. The window moves again and
both experts decide to place the boundary after s, the last token in the window.
Note that each potential boundary location (e.g., between t and w) is seen n
times for a window of size m, but it is considered in a slightly different context
each time the window moves. The first time the experts consider the boundary
between w and a, they are looking at the window itw, and the last time, they
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are looking at was. In this way, each boundary gets up to 2n votes, or n = 3
votes from each of two experts. The wa boundary gets one vote, the tw boundary,
three votes, and the sa boundary, two votes.

The experts use slightly different methods to evaluate boundaries and assign
votes. Consider the window itw from the viewpoint of the boundary entropy
expert. Each location in the window bounds an ngram to the left of the loca-
tion; the ngrams are i, it, and itw, respectively. Each ngram has a standardized
boundary entropy. The boundary entropy expert votes for the location that pro-
duces the ngram with the highest standardized boundary entropy. As it happens,
for the ngram tree produced from Orwell’s text, the standardized boundary en-
tropies for i, it, and itw are 0.2, 1.39 and 0.02, so the boundary entropy expert
opts to put a boundary after the ngram it.

The frequency expert places a boundary so as to maximize the sum of the

standardized frequencies of the ngrams to the left and the right of the bound-
ary. Consider the window itw again. If the boundary is placed after i, then
(for Orwell’s text) the standardized frequencies of i and tw sum to 1.73; if the
boundary is placed after it, then the standardized frequencies of it and w sum
to 2.9; finally, if it is placed after itw, the algorithm has only the standardized
frequency of itw to work with; it is 4.0. Thus, the frequency expert opts to put
a boundary after itw.
Segment the sequence. Each potential boundary in a sequence accrues votes,
as described above, and now we must evaluate the boundaries in terms of the
votes and decide where to segment the sequence. Our method is a familiar “zero
crossing” rule: If a potential boundary has a locally maximum number of votes,
split the sequence at that boundary. In the example above, this rule causes the
sequence itwasacold to be split after it and was. We confess to one embellish-
ment on the rule: The number of votes for a boundary must exceed an absolute
threshold, as well as be a local maximum. We found that the algorithm splits
too often without this qualification.

Let us review the design of the experts and the segmentation rule, to see
how they test the characteristics of episodes described earlier. The boundary
entropy expert assigns votes to locations where the boundary entropy peaks
locally, implementing the idea that entropy increases at episode boundaries. The
frequency expert tries to find a “maximum likelihood tiling” of the sequence, a
placement of boundaries that makes the ngrams to the left and right of the
boundary as likely as possible. When both experts vote for a boundary, and
especially when they vote repeatedly for the same boundary, it is likely to get a
locally-maximum number of votes, and the algorithm is apt to split the sequence
at that location.

6 Evaluation

In these experiments, induced boundaries stand in six relationships to episodes.

1. The boundaries coincide with the beginning and end of the episode;
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2. The episode falls entirely within the boundaries and begins or ends at one
boundary.

3. The episode falls entirely within the boundaries but neither the beginning
nor the end of the episode correspond to a boundary.

4. One or more boundaries splits an episode, but the beginning and end of the
episode coincide with boundaries.

5. Like case 4, in that boundaries split an episode, but only one end of the
episode coincides with a boundary.

6. The episode is split by one or more boundaries and neither end of the episode
coincides with a boundary.

These relationships are illustrated graphically in Figure [ following the con-
vention that horizontal lines denote actual episodes, and vertical lines denote
induced boundaries. The cases can be divided into three groups. In cases 1 and
4, boundaries correspond to both ends of the episode; in cases 2 and 5, they
correspond to one end of the episode; and in cases 3 and 6, they correspond to
neither end. We call these cases exact, dangling, and lost to evoke the idea of
episodes located exactly, dangling from a single boundary, or lost in the region
between boundaries.

We use both hit and false-positive rates to measure the accuracy of our
episode finding algorithms. To better explain the trade-offs between hits and
false-positives we employ the F-measure [9]. This standard comparison metric
finds the harmonic mean between precision and recall is defined as

2 x Precision x Recall
F-measure =

Precision + Recall

where Recall is the hit-rate and Precision is the ratio of correct hits to proposed
hits. Note that the difference in proposed and correct hits yields the number of
false positives. Higher F-measures indicate better overall performance.

For control purposes we compare VOTING-EXPERTS with two naive algo-
rithms. The first generates a random, sorted sequence of boundaries that is

R ——  true episode
| induced boundary
2 g
S
4 | ] ] ® | J ] ] |
5 | ! | ] | | | o=
| J ] x| ] ] | J
6 | ] | x| ] ] | |

Fig. 1. A graphical depiction of the relationships between boundaries and episodes.
Horizontal lines denote true episodes; their ends the correct boundaries. Vertical lines
denote induced episode boundaries.
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equal in size to the actual number of episodes. We call this algorithm RANDOM-
SAMPLE. The second algorithm induces a boundary at every location. We call
this algorithm ALL-LOCATIONS.

In many of these experiments, we compare the results of VOTING-EXPERTS
with another unsupervised algorithm, SEQUITUR, which also finds structure in
categorical time series. SEQUITUR is a compression-based algorithm that builds
a context-free grammar from a string of discrete tokens [I]. It has successfully
identified structure in both text and music. This structure is denoted by the rules
of the induced grammar. Expanding the rules reveals boundary information. In
our experiments, expanding only the rule associated with the start symbol —
what we refer to as level 1 expansion — most often gives the highest F-measure.

6.1 Word Boundaries

We removed spaces and punctuation from texts in four languages and assessed
how well VOTING-EXPERTS could induce word boundaries. We take word bound-
aries as our gold standard for meaning-carrying units in text because they pro-
vide, in most cases, the most unambiguous and uncontentious denotation of
episodes. Clearly word prefixes and suffixes might also carrying meaning, but
most humans would likely segment a discrete stream of text into words.

Table 1. Results of running four different algorithms on George Orwell’s 198/.

l AlgorithmHF-measure Hit Rate|F.P. Rate‘Exact %\Dangling %‘Lost %‘

VOTING-EXPERTS .76 .80 27 .63 .34 .03
SEQUITUR .58 .58 43 .30 .56 .14
ALL-LOCATIONS .36 1.0 .78 1.0 0.0 0.0
RANDOM-SAMPLE 21 .22 .79 .05 .34 .61

English. We ran VOTING-EXPERTS, SEQUITUR, and both naive algorithms on
the first 50,000 characters of Orwell’s 1984. The detailed results are given in
Table[[l VOTING-EXPERTS performed best when the window length was 7 and
the threshold 4. The algorithm induced 12153 boundaries, for a mean episode
length of 4.11. The mean word length in the text was 4.49. The algorithm induced
boundaries at 80% of the true word boundaries (the hit rate) missing 20% of
the word boundaries. 27% of the induced boundaries did not correspond to word
boundaries (the false positive rate). Exact cases, described above, constitute
62.6% of all cases; that is, 62.6% of the words were bounded at both ends by
induced boundaries. Dangling and lost cases constitute 33.9% and 3.3% of all
cases, respectively. Said differently, only 3.3% of all words in the text got lost
between episode boundaries. These tend to be short words, in fact, 59% of the
lost words have length 3 or shorter and 85% have length 5 or shorter. In contrast,
all 89% of the words for which the algorithm found exact boundaries are of length
3 or longer.
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SEQUITUR performed best when expanding only to the level 1 boundaries.
That is, it achieved its highest F-measure by not further expanding any non-
terminals off the sentential production. Expanding to further levels leads to a
substantial increase in the false positive rate and hence the overall decrease in
F-measure. For example, when expanding to level 5, SEQUITUR identified 78% of
the word boundaries correctly, 20% dangling and only 2% missed. This happens
because it is inducing more boundaries. In fact, at level 5, the false-positive
rate of 68% is near the 78% maximum false positive rate achieved by ALL-
LocaTions. The same behavior occurs to a smaller extent in VOTING-EXPERTS
when the splitting threshold is decreased. For example, with a window length
of 4 and a threshold of 2, VOTING-EXPERTS finds 74% of the word boundaries
exactly but the F-measure decreases because a corresponding increase in the
false-positive rate. In general, SEQUITUR found likely patterns, but these patterns
did not always correspond to word boundaries.

It is easy to ensure that all word boundaries are found, and no word is lost:
use ALL-LOCATIONS to induce a boundary between each letter. However, this
strategy induces a mean episode length of 1.0, much shorter than the mean word
length. The false-positive count equals the total number of non-boundaries in the
text and the false-positive rate converges to the ratio of non-boundaries to total
locations (.78). In contrast, VOTING-EXPERTS finds roughly the same number
of episodes as there are words in the text and loses very few words between
boundaries. This success is evident in the high F-measure (.76) achieved by
VOTING-EXPERTS. Not surprisingly, RANDOM-SAMPLE performed poorest on
the text.

The appropriate control conditions for this experiment were run and yielded
the expected results: VOTING-EXPERTS performs marginally less well when it is
required to segment text it has not seen. For example, if the first 10,000 charac-
ters of Orwell’s text are used to build the ngram tree, and then the algorithm
is required to segment the next 10,000 characters, there is a very slight decre-
ment in performance. The algorithm performs very poorly given texts of random
words, that is, subsequences of random letters. The effects of the corpus size and
the window length are shown in the following graph. The proportion of “lost”
words (cases 3 and 6, above) is plotted on the vertical axis, and the corpus
length is plotted on the horizontal axis. Each curve in the graph corresponds to
a window length, k. The proportion of lost words becomes roughly constant for
corpora of length 10,000 and higher.

“lost" rate
0.3 |
0z |
n=3
0.1 n=4
_n=5
n=6

10 20 30 40 50
Corpus length {in thousands of characters)
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Fig. 2. A comparison of exact match-rate on a per-word basis between SEQUITUR and
VOTING-EXPERTS.

Said differently, corpora of this length seem to be required for the algorithm
to estimate boundary entropies and frequencies accurately. As to window length,
recall that a window of length n means each potential boundary is considered
n times by each expert, in n different contexts. Clearly, it helps to increase the
window size, but the benefit diminishes.

Further evidence of VOTING-EXPERTS ability to find meaningful word bound-
aries is given in Figures[2 and Bl In Figure[2 we graph the percentage of exact
word matches as a function of word length. For example, SEQUITUR exactly
matches 30% of words having length 15 while VOTING-EXPERTS matches 70%.
The curves converge at word length 17 because only two words in our corpus
have length 17 and both algorithms find only one of them. The curves roughly
mimic each other except in the word length interval from 2 to 4. In this period,
VOTING-EXPERTS accelerates over SEQUITUR because it finds disproportion-
ately more exact matches than SEQUITUR. This phenomenon is even easier to
see in Figure[3. Here cumulative percentage of exact word matches is plotted as
a function of word lengths and the distribution of word lengths is given behind
the curves. The slope of VOTING-EXPERTS is steeper than SEQUITUR in the in-
terval from 2 to 4 revealing the success it has on the most frequent word lengths.
Furthermore, words with length 2, 3, and 4 comprise over 57% of the Orwell cor-
pus, so at places where accuracy is perhaps most important, VOTING-EXPERTS
performs well.

Chinese, German and Roma-ji. As a test of the generality of VOTING-
EXPERTS, we ran it on corpora of Roma-ji, Chinese and German texts. Roma-ji
is a transliteration of Japanese into roman characters. The Roma-ji corpus was
a set of Anime lyrics comprising 19163 characters. The Chinese text comes from
Guo Jim’s Mandarin Chinese PH corpus. The PH corpus is taken from stories
in newspaper texts and is encoded in in the standard GB-scheme. Franz Kafka’s
The Castle in the original German comprised the final text. For comparison
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Fig. 3. A comparison of cumulative exact match-rate over word length for SEQUITUR
and VOTING-EXPERTS. The background histogram depicts the distribution of word
lengths in the Orwell corpus.

purposes we selected the first 19163 characters of Kafka’s text and the same
number of characters from 198/ and the PH corpus. As always, we stripped
away spaces and punctuation, and the algorithm induced word boundaries. The
window length was 6. The results are given in Table Bl

Table 2. Results of running VOTING-EXPERTS on Franz Kafka’'s The Castle, Orwell’s
1984, a subset of the Chinese PH corpus of newspaper stories, and a set of Roma-ji
Anime lyrics.

[VoTiNg-EXPERTS[[F-measure[Hit Rate]F.P. Rate[Exact %[Dangling %[Lost %]

German .75 .79 31 .61 .25 .04
English 71 .76 .33 .58 .38 .04
Roma-ji .65 .64 .34 .37 .53 .10
Chinese .57 42 .07 .13 .57 .30

Clearly the algorithm is not biased to do well on English. In particular, it
performs very well on Kafka’s text, losing only 4% of the words and identi-
fying 61% exactly. The algorithm performs less well with the Roma-ji text; it
identifies fewer boundaries accurately (i.e., places 34% of its boundaries within
words) and identifies fewer words exactly. VOTING-EXPERTS performed worst on
Chinese corpus. Only 42% of the boundaries were identified although the false
positive rate is an extremely low 7%. The explanation for these results has to
do with the lengths of words in the corpora. We know that the algorithm loses
disproportionately many short words. Words of length 2 make up 39% of the
Chinese corpus, 32% of the Roma-ji corpus, 17% of the Orwell corpus, and 10%
of the Kafka corpus, so it is not surprising that the algorithm performs worst on
the Chinese corpus and best on the Kafka corpus.
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If we incorporate the knowledge that Chinese words are rather short in length
by decreasing the splitting threshold, we can increase the F-measure of VOTING-
EXPERTS to 77% on the PH corpus. In general, knowledge of the mean episode
length can help improve the boundary detection of VOTING-EXPERTS. Like [§],
pretraining on a small amount of segmented text may be sufficient to find suitable
window and threshold values.

6.2 Robot Episodes

We ran VOTING-EXPERTS and SEQUITUR on a multivariate timeseries of robot
controller data comprising 17788 time steps and 65 unique states. Each state was
mapped to a unique identifier, and these tokens were given to the algorithm as
input. The timeseries data was collected with a Pioneer 2 mobile robot, equipped
with sonar and a Sony pan-tilt-zoom camera. The robot wandered around a
room-size playpen for 30 minutes looking for interesting objects. Upon finding
an object, the robot orbited it for a few minutes. The multivariate timeseries
consisted of eight binary variables representing different controllers in our agent
architecture. Each variable is 1 when its corresponding controller is active and
0 when its inactive, so potentially, we have 28 = 256 different states, but as
mentioned earlier, only 65 manifested during the experiment.

MOVE-FORWARD

— TURN

COLLISION-AVOIDANCE

— VIEW-INTERESTING-OBJECT
RELOCATE-INTERSTING-OBJECT
SEEK-INTERESTING-OBJECT

— CENTER-CHASIS-ON-OBJECT
CENTER-CAMERA-ON-OBJECT

This timeseries can be broken up into five different observable robot behav-
iors. Each behavior represents a qualitatively different episode in the timeseries.
We denote these episodes as

— FLEEING

WANDERING
AVOIDING

— ORBITING-OBJECT

— APPROACHING-OBJECT

Table Blsummarizes the results of running VOTING-EXPERTS and SEQUITUR
on the robot controller data. The definition of hit-rate and false-positive rate is
slightly different here. Because the controller data can be noisy at the episode
boundaries, we allow hits a window of length 1 in either temporal direction.
For example, if we induce a boundary at location 10, but the actual boundary
is at location 9, we still count it as a hit. We also enforce a rule that actual
boundaries can only count once toward induced boundaries. For example, if we
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induce a boundary at 8 and count it as a hit toward the actual boundary 9, the
induced boundary at 10 can no longer count toward 9.

The mean episode length in the robot controller data is 7.13. This length is
somewhat smaller than expected because the robot often gets caught up in the
corners of its playpen for periods of time and performs a series of wandering,
avoiding, and fleeing behaviors to escape. The total number of true episodes
was 2491. VOTING-EXPERTS induced 3038 episodes with a hit rate of 66% and
a false-positive rate of 46% for a combined F-measure of 59%. Like on Orwell,
VOTING-EXPERTS consistently outperforms SEQUITUR on the F-measure. SE-
QUITUR does best when expanding to the level 1 boundaries. The transition
from level 1 to level 2 produces a sharp increase in the false-positive rate with
a corresponding increase in hit rate, however the F-measure decreases slightly.
At level 5, SEQUITUR loses only 8% of the episodes but its false-positive rate is
78%, which is near the maximum possible rate of 86%.

Table 3. Results of running SEQUITUR and VOTING-EXPERTS on 30 minutes of robot
controller data.

‘ Robot DataHF—measure‘Hit Rate‘F.P. Rate‘Exact %‘Dangling Rate‘Lost Rate‘

SEQUITUR
Level 1 .55 57 A7 17 .37 .46
Level 2 .51 7 .62 .34 .37 .29
Level 3 .32 .88 71 .48 .33 .19
Level 4 .38 .94 .76 .56 .32 12
Level 5 .36 97 .78 .63 .29 .08
VOTING-EXPERTS
Depth 7, Threshold 4 .59 .66 .46 .20 .39 A1
Depth 9, Threshold 6 .59 .60 A1 .18 .38 44
Depth 5, Threshold 2 .56 .80 .56 27 42 31

7 Conclusion

For an agent to generalize its experiences, it must divide them into meaningful
units. The VOTING-EXPERTS algorithm uses statistical properties of categorical
time series to segment them into episodes without supervision or prior train-
ing. Although the algorithm does not use explicit knowledge of words or robot
behaviors, it detects episodes in these domains. The algorithm successfully seg-
ments texts into words in four languages. With less success, VOTING-EXPERTS
segments robot controller data into activities. In the future we will examine how
other, domain-independent experts can help improve performance. Additionally
we are interested in unifying the frequency and boundary entropy experts to more
accurately capture the balance of strengths and weaknesses of each method. On
a related note, we could employ supervised learning techniques to learn a weigh
parameter for the experts, however we favor the unification approach because it
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removes a parameter from the algorithm and keeps the method completely un-
supervised, The idea that meaningful subsequences differ from meaningless ones
in some formal characteristics—that syntactic criteria might help us identify
semantic units—has practical as well as philosophical implications.
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If You Can’t See the Pattern, Is It There?
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Abstract. Analytic methods are capable of finding structure in even
complex data sets and, indeed, some methods will find structure whether
it is there or not. Confirming and understanding analytic results can be
difficult unless some way of visualising them can be found. Both global
overviews and displays of local detail are required and these have to
be blended intelligently together. This paper discusses the development
of coherent graphical tools for exploring and explaining large multidi-
mensional data sets, emphasising the importance of using an interactive
approach.

1 Introduction

The value of carrying out visual checks of analytic results is well-known (even if
the checks are not carried out as often as they might be). The classic example
is regression, where every text clearly recommends that residual plots should be
inspected to assess the fit of a model. How they should be inspected is not so
clearly stated. Readers get some general, if vague, advice about what they might
see if there is a problem. The fit of loglinear models can similarly be investigated
by examining the appropriate mosaic plots, but these visual displays are not
nearly as widespread.

There are several reasons for examining plots instead of just relying on ana-
lytic methods. Plots are easier to grasp in general and easier to explain to data
set owners. Background information, which only domain specialists can provide,
will only be offered if the specialists can understand what the analyst is trying
to do. Plots generally provide a check that the model-fitting procedure is doing
what it is supposed to do (although when results are not as expected, it is mostly
a problem with the data or with an incorrect specification of the method rather
than with the method itself). And plots highlight special features, which are not
part of the main data set structure — patterns in the sense of this meeting.
There may be a small group of points which is not well fitted or perhaps a group
which is exceptionally well fitted. There may be a group which is isolated from
the rest. There are many possible structures, which may be observed.

The advantage of visual methods lies in their being complementary to an-
alytic approaches. When an algorithm has detected some patterns of interest,
visual methods can be used both to assess their importance and to see if there
is anything else interesting in the neighbourhood. It is the first use that is to be
discussed in this paper. The second use is more of a supplementary bonus.

D.J. Hand et al. (Eds.): Pattern Detection and Discovery, LNAT 2447, pp. 63-[76, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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2 Patterns in Large Data Sets

Detecting patterns from plots works very well with small data sets, where only a
few plots are needed to display all the information. With large data sets this kind
of approach is no longer efficient. Analysts may still spot interesting small-scale
features, but it is unlikely that they will find more than a few and some form
of guidance is essential to know where to look. This might suggest that visual
methods have little part to play in the identification of patterns in large data sets
and the task should be left to analytic methods, but that would be the wrong
conclusion to draw. Analytic methods will only be able to find patterns for which
they have been designed to search. Patterns of other forms will not be found. No
algorithm or collection of algorithms can be designed, which can be guaranteed to
find all features which might be of interest. Time series demonstrate the difficulty
well. Even with a single series it would be necessary to check for single outliers,
for groups of outliers, for level change-points, for volatility change-points, for
cycles, for trends, for changes in trends, for turning-points, for gaps and so on.
All these checks would have to be carried out over all and over sections of the
series. With a single short time series visual methods could pick out all of these
patterns (if they existed), but this would be impossible for a very long series or
for groups of series being analysed in unison.

Large data sets bring new problems for visualisation. In general point displays
(where each case is represented by an individual point, as in scatterplots) do not
scale up easily. Area-based displays can in prinicple represent any size of data
set, but individual details can become lost through screen resolution problems
[M]. When only a few cases are selected in a bar the raw display may imply that
none are highlighted. The software MANET gets round this by using redmarking
to alert the user if such problems arise [I2] but that is still not ideal. Some
form of zooming is required to show both the pattern and its context. Without
context we cannot judge whether a pattern stands out and we cannot evaluate
its importance.

Data sets may be considered large because they have many cases or because
they have many variables or because of both. When there are many variables
in a data set, quite new management problems arise. Scatterplot matrices are
effective for up to eight variables, but would be a disaster for forty. Parallel coor-
dinates could manage forty variables quite well, but certainly not one thousand.
Sngle displays of large numbers of variables are difficult enough, but handling
large numbers of displays of variables is a much bigger problem. They must be
monitored, linked and structured. Little consideration seems to have been given
to these issues up till now.

3 When Is a Pattern Important?

Patterns may be spurious. If enough random data are examined, there is bound
to be something that looks like structure, but it may not mean anything: the
infamous paper of Coen, Gomme and Kendall [2] reporting that UK car produc-
tion led the US Stock market by six quarters being a classic example. Patterns
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may be “real”, but of no practical consequence: the patients diagnosed as having
breast cancer are all women. Patterns may be important, if we can be sure they
exist. Finding patterns is one activity, possibly performed for large data sets by
automatic search algorithms, possibly carried out by individuals exploring the
data “by hand”. Confirming that patterns both exist and are worthy of note are
two further parts of the process.

A pattern can sometimes be assessed statistically by looking at how likely it
is that such a result occurs under a reasonable set of assumptions. The difficulties
lie in determining what are reasonable assumptions and in deciding how far they
can be considered to be satisfied in any given case. Can the data set be assumed
to be a random sample from a homogeneous population so that a confidence
interval can be constructed for the mean? What about the slews of chi-squared
tests that are often carried out and the assumptions necessary for them?

Whether a pattern is important or not finally depends on its context. Is it
a curiosity which only applies in an unusual set of circumstances or can it be
viewed more generally? Is it merely an unactionable observation or it is a feature
which will affect decision-making? The full context can only be established in
cooperation with domain experts and this is where a classical difficulty of ap-
plying statistics in practice arises. If you tell someone about a pattern, they are
liable to be able to explain it in a rational and convincing manner — no matter
what it is. This makes it all the more important that any pattern is checked
carefully both statistically and visually before being presented.

4 Assessing Detected Patterns Visually

Assessment of patterns takes place at both global and local levels and it is useful
to keep these distinct. Global checks look at a pattern in the light of the whole
data set. If there are a hundred more interesting patterns in the data set, then
there is little point in bothering with number one hundred and one, no matter
how interesting it seems to be in its own right. So methods are needed which
place individual patterns in the context of the whole data set. Association rules
are an excellent example. The TwoKey plot [13] displays all rules found (however
many there are) in a single interactive scatterplot of confidence against support.
As well as providing an overview in itself, it can be linked to other displays to
show how good rules of a particular length or involving similar variables are. Any
chosen rule may be considered in comparison to its neighbours in the TwoKey
plot by selecting those around it. Additionally lines may be drawn connecting
a rule to its logical neighbours (ancestors, descendants or rules with similar
variables) to identify the local neighbourhood in variable space.

If a pattern is interesting in a global sense, because it has a relatively high
standing, it is still necessary to check if there is not a neighbouring pattern,
which is substantially better. With association rules it is quite possible to find
a result of the kind A — B with both high support and high confidence and
yet to discover on closer inspection that (notA) — B is roughly as good. Double
Decker plots [6] are an excellent tool for checking individual rules locally.
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Patterns which are not major structural features in a data set are multivariate
relationships. They are defined by the conditioning variables which describe the
area of the data set involved and the variables in which the pattern arises.
Multivariate statistical displays are of two kinds, those which use dimension
reduction to display the data (for instance, a scatterplot of the data on the first
two principal components or an MDS display) and those which stick with the
raw data. Certain features may show up in a dimension reduction display, but
there is a real risk, especially with patterns, that what is of interest will not show
up in a reduced dimension view. Raw data displays are essential for assessing
patterns.

5 Visualisation Tools for Patterns

5.1 Patterns Involving Categorical Variables

Statistical methods for multivariate categorical data are less developed than
methods for continuous data and results from them are difficult to interpret
— how would you explain to someone the fit of a loglinear model with several
three-factor interactions? Loglinear models require all cell combinations to be
filled and this is unlikely, even with very large data sets, for anything over a few
dimensions. Other analytic procedures are required. Until recently there was no
effective way of graphically displaying such data, but interactive mosaic plots
[5] have extended the possibilities dramatically. Figure [[] shows a fluctuation
diagram (a variant of a mosaic plot in which the cells are positioned on a grid)
from the Death Sentence data set [§]. The 64 possible combinations of six binary
variables (killer’s race, victim’s race, victim’s sex, known/stranger, gun/no gun,
robbery/not robbery) are displayed weighted by counts. A weighted histogram
of the cell size distribution has been drawn in Figure [ and the biggest cell
selected: 28 cases where a black killed a white male stranger with a gun in a
robbery. Observe that there are no cases in the adjacent cell representing the
same combination other than that no gun was involved. Interesting also is that
there are relatively few cases in the top right quadrant representing cases where
a white killed a black.

Fluctuation diagrams are complex displays for representing complex struc-
tures and need not only interactive linking, as shown here, to be usable but full
interactive features.

5.2 Patterns in Missing Values

Statistics texts tend to ignore missing values. Small data sets don’t have them
and, especially when there are only a few of them, they are an irritant more
than anything else. (Although balanced experimental designs lose all their nice
properties when even one value is missing.) Large data sets may have many
missing values and methods are needed to deal with them. These depend very
much on what structure, if any, is in the patterns of missings.
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]

Fig. 1. Fluctuation diagram of six variables from the Death Penalty data set [§]: killer’s
race, victim’s race, victim’s sex, known/stranger, gun/no gun, robbery/not robbery

oL i ol mim

Fig. 2. Weighted histogram of the cell size distribution

Hand et al [3] suggest using a dotplot of cases by variables, where a dot is
drawn if the case is missing. This makes for an effective global view for large
numbers of variables (in their example there are 45) but not for large numbers of
cases (in their example it just about works for 1012 cases, but would clearly have
problems with much larger numbers of cases). Patterns of missings across the
whole data set are readily visible, but also patterns which only apply to small
subgroups of cases. This is a common occurrence in large data sets, where for
one reason or another data may be missing on several variables for a particular
group of cases.

Unwin et al [T2] describe an interactive missing value plot, which displays a
bar for each variable. Being an area rather than a point plot, there is in principle
no limit to the size of data set which may be displayed. Fully filled bars repre-
sent variables with no missings and the empty section of a partially filled bar
is proportional to the number of missings on that variable. Interactively select-
ing the sections representing missings gives some insight into global patterns of
missings, but is not nearly informative enough. However, if only a few variables
are of interest, say up to 10, then a fluctuation diagram of missings is completely
informative. The fluctuation diagram draws a cell for each combination of miss-
ing and non-missing amongst the variables and the size of the cell’s rectangle is



68 A. Unwin

: : L]

Fig. 3. A fluctuation diagram for missings on four variables of the ultrasound dataset.
82% of the cases are complete (cell top left) and 11% are missing on all four variables.
Another 6% are missing only on a single variable. Several possible combinations of
missings do not occur at all.

made proportional to the corresponding number of cases. Any subgroup with a
common pattern of missings amongst the 10 variables immediately stands out. A
fluctuation diagram is an excellent display for evaluations of patterns of missings
amongst subgroups of variables. Figure 3 shows such a diagram for the pattern
of missings amongst four variables for 4571 hospital pregnancies. The variables
were three baby size measurements estimated from ultrasound images taken in
the days before delivery and the number of days before pregnancy when the
ultrasound was carried out.

If there is a large proportion of complete cases, that cell may mask the others.
An option to limit the size of this cell is under consideration.

5.3 Geographic Patterns

Visual tools should not be viewed solely as a means of checking analytically
derived results. In some kinds of data set it is extremely difficult to achieve
any convincing analytic results. Geographic data are a prime example because
there are so many special geographic features that need to be taken account of
in any analysis: national boundaries, mountain ranges, rivers, transport routes
and so on. The units of analysis may be areas of completely different sizes and
shapes. Cities are usually small areas with large populations and consequently
high population density, while there are huge tracts of land in rural areas where
few people live. Just consider the United States of America.

Visual displays are an essential tool for detecting geographic patterns not just
because analytic tools fail, but because people have a great deal of experience of
looking at maps. They are good at recognising features and interpreting them in
context. Figure @l shows a map of electoral constituencies in Germany after the
1998 election with those constituencies highlighted where the PDS (a descendant
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Fig.4. The histogram on the right shows the % PDS votes by constituency for the
Bundestag election in 1998. The map on the left shows the constituencies with major
cities and the Ruhr magnified. Berlin is magnified to the top right of the map, but also
appears to scale in the centre of East Germany.

of the former East German Communist party) did relatively well. Any one with
knowledge of German geography immediately recognises that the PDS did well
only in the East and, in Berlin, only in East Berlin.

6 Visual Tools for Elucidating Displays of Patterns —
Interaction

Graphic displays were not very popular in the early days of statistical computing
because the screen representations and the print quality were so poor. Nowadays
high-quality presentation displays can be produced very easily (even if it is more
common to produce poor quality ones). Presentation displays do not fully exploit
the power of modern computing, as anyone who surfs the web will be aware.
Graphics have to be interactive it they are to encourage the effective exploration
of data sets. [I1] discusses the essential interactive requirements for a statistical
graphic and all are relevant to the assessment of detected patterns.

Querying is valuable both to supply comprehensive information about a pat-
tern and to explore its context. Interaction is crucial. Consider the example of
examining a subset of points in a scatterplot. Even if the points were sufficiently
spread out that they could be labelled, information on other variable values is
usually necessary to complete the picture. Furthermore any permanent labelling
affects the appreciation of the points’ position in relation to the rest of the
scatterplot. For a fluctuation diagram like that shown in Figure 1 querying is
essential to even begin to grasp the information displayed.

Any display of categorical variables is affected by the order of the variables
and by the ordering of the categories within the variables. Sorting tools, either
manual or based on statistics or selections, are necessary to check the sensitivity
of a pattern. Changing the order of the variables in Figure 1 would produce
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Fig.5. Amount plotted against day of the year for 277000 bank transactions between
firms.

a different picture and hence a different view of the relationships between the
variables.

As data sets become larger, the numbers of categories in categorical variables
tend to increase. More unusual cases arise and are recorded. This can lead to
both tables and displays becoming excessively large and unclear. In a data set of
political opinion polls in Germany over 20 years there was data for support for
12 different responses, including sometimes treating the main conservative party
as one response and sometimes as two separate response (CDU/CSU). Removing
all categories below a certain size or combining all the smallest categories may
often suffice, but would be a risky policy in general. Sometimes it is one of the
smaller categories that is of most interest because the pattern for that group
is so different from the rest or from a related subgroup of the rest. Whatever
the appropriate comparison, we need to be able to work with the graphic in
an intuitive way to achieve it. Combining selected categories, conditioning on a
subset of categories, reordering categories are all basic data manipulation tools
in this situation. While all these tasks may be carried out by one or other form
of variable transformation, they are all messy and time-consuming if carried out
in this way (just think of renaming categories to force a reordering compared to
reordering interactively).

It goes without saying in a discussion of patterns in small subsets that it can
be important to zoom into part of a display. Deciding exactly where and how
far to zoom in depends on what becomes visible, so that being able to vary this
on the fly is very useful. Having to set limits in a dialog box with subsequent
redrawing of the screen is an unsatisfactory means of checking details. Inter-
activity provides the flexibility needed. In Figure Bl of 277000 large-scale bank
transactions showing amount against day of the year there is small subgroup of
similar high values in the middle of the year. Figure [ shows that part of the
plot after an interactive zooming and rescaling. It is now clear that there are
possibly two groups of different levels and further zooming in and linking with
other variables is the next step. (It turned out that the transactions did form a
uniform group, involving the same currency, the same type of transaction and
the same source.)
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Fig. 6. Amount plotted against day of the year for May to July.

Zooming might be defined by visual selection or by any other kind of selection.
Data Desk [14] offers a clever tool called hot selection for this. Any output which
is assigned to be influenced by selection is automatically updated to only display
the currently selected points and is also rescaled accordingly. In the last example
this means that when you link from the small group of eight points back to the
barchart of currencies you can see which currency was involved. A barchart of
eight points is trivial to interpret, finding eight highlighted points in a barchart
of almost 300000 points is impossible. The power of hot selection lies in the
concept and in its implementation. Updating is almost instantaneous for such a
large data set, even when several outputs are updated simultaneously.

7 Coherent Graphical Tools — Integrating Global and
Local Views

7.1 Protocols

Analysing large data sets requires good organisation and management. It is all
too easy to generate hundreds of tables and graphics, which swamp any insights
that might be contained within them. Many systems routinely store history pro-
tocols of what actions have been performed. Amongst statistics software packages
Data Desk generates a sequence of icons and S-plus a more conventional com-
mand and output listing. Neither is easy to read and trying to retrace your steps
even a short time later is difficult. Tree structures have been suggested to display
the analysis paths followed, but in exploratory analyses these are often confusing
because of false trails and repetitions. The ideal would be some kind of edited
history supported by a tree browser (alternative tree browers are discussed in
Shneiderman [9]), though Peter Huber has commented that editing protocols is
far more trouble than it turns out to be worth. For protocols to be useful they
have to be more than just bookkeeping.

Indexing results automatically when they are produced is an effective means
of doing this and yet it is surprising how rarely it is done. The index should
offer interactive linking and guidance to its contents. For example, in a related
context Stephan Lauer’s software TURNER for exploring contingency tables [7]
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sets up a list of all models fitted. Models can be queried from the list and pairs
of models can be directly compared, where nesting permits. One of the design
issues which arose in TURNER was how the fitted models should be stored, but
it became apparent that that was not necessary. If more details of any model
were needed than were carried in the index list, it was just as quick (and simpler)
to recalculate the model. This will be true for many models and is a good general
principle to follow; output files are smaller and much more manageable.

It is obvious that when recalculation is expensive that this approach cannot
be used, but there is another situation in whic h recalculating on demand will
not work. Classical statistical methodology assumes that the data set is fixed. If
analyses are being made of a database and the data are left there, it is quite pos-
sible for results to change between two calculations if the database is continually
being updated. Although this is not a major problem, it can cause difficulties
and expecting the user to be aware of it and take the required measures to pre-
serve consistency is unrealistic. Time stamping displays (a feature which Data
Desk offers) is a step in the right direction.

Linking large numbers of tables and graphics is rather like designing websites.
Unless it is very carefully planned and carried out, there is a good chance that
you end up with an untidy jumble as the structure grows in a higgledy piggledy
fashion. But you can’t fully plan data analyses, as the paths that are followed
will depend on the results which are found. So we should distinguish between
the kind of structuring that is needed during the analysis process and the kind
of structuring that can be achieved for a given collection of results. The former
requires the automatic indexing that has already been mentioned and a protocol
of the paths followed, while the latter is much more of an information design
problem, indeed quite like designing a website. Although one would think that
output design would be an important part of any software, it is interesting to
note that data mining software may be found with impressive input design and
yet almost retro-design of output. Users of commercial packages from the sixties
would feel quite at home examining some of the outputs delivered.

7.2 An Overview and Action Window

Monitoring large numbers of graphics is possible if they are linked. In the PIS-
SARRO software, which is currently under development in Augsburg, querying
an individual association rule in a TwoKey plot of all rules generates a Double
Decker plot of the variables involved for local inspection. In geographic software
(and in games like Sim City) it is common to display a miniature version of the
whole window when zooming to indicate where the zoom has taken place. This
is an effective way of keeping track of where you are and is just as relevant for
scatterplots as for maps. The principle is clear: not only should it be possible
to move from a global view to a local view to check and explore details, but
it must also be possible to move back from the local to the global. While this
sounds straightforward and rather elementary, it can be difficult to implement
in practice because there is not one global level or one local level, there is poten-
tially a whole range of levels. Is a view currently local (a subset of a bigger view)
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or global (providing context to one or more local views)? And what does local
mean? Which variables define the conditioning? If appropriate comparisons of
possibly interesting findings are to be made, these questions are very important.
Results have to have a high ranking on a global view and stand out locally to
be worth considering.

The keys to the overview and control of many views are:
a) orientation
b) monitoring
¢) navigation
d) focussing
e) comparisons.

a) Orientation means that the system assists the user to know where he
is at the moment (both within the data set, in data space, and within the
output displays, in results space). Knowing where you are includes not just a
(preferably) exact definition but also an awareness of context.

b) Monitoring implies that the user can keep track of what is going on,
looking back and looking forward.

¢) Navigation tools help you get around. How did you arrive at this point?
Where could you go next? How can you get to where you want to go to?

d) Focussing involves more than zooming in or drilling down. The displays
should certainly concentrate on the subset of interest, but not exclusively. The
user needs a detailed view within a broader context.

e) Comparisons are essential in a scientific study. Systems should support
the identification, carrying out and reporting of relevant comparisons. This is a
challenging task in large, comlex data sets.

Central to a successful implementation of all of these aspects is conditioning,
describing where you are at the moment in terms of variable definitions in an
intuitive and flexible way.

Trellis diagrams [1] offer one way of presenting displays of many data subsets
and are in one sense an example of an overview window, though not an action
one. Data displays are drawn for subsets of the data for all possible combinations
of a number of conditioning variables (which may be categorical or discretised
continuous variables). The basic data display may be for one or two contin-
uous variables (usually scatterplots, but with one variable dotplots, boxplots,
or histograms would be possible). For a categorical panel variable barcharts or
piecharts might be drawn. All panels are the same physical size. The structure
is fairly clear and a lot of thought has gone into how labelling should be imple-
mented. The disadvantages are that all the displays are shown at once, which
complicates focussing, there is no interaction and, in particular, there is no pos-
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sibility of reordering the variables or changing the conditioning in any way other
than by drawing another trellis diagram. In principle interaction could be added
and this would emphasise the similarities between trellis diagrams and mosaic
plots which we discuss now.

Mosaic plots, although associated only with categorical data, actually have
a structure with similarities to that of trellis diagrams. All variables are used
to condition the display and the counts of the resulting combinations are repre-
sented by a rectangle of an appropriate size. There is no real difference in the
way conditioning is carried out, the difference lies in the final panels. Closer
similarity can be seen if a multiple bar chart variant of the mosaic plot is used.
This would be like a trellis diagram with a panel barchart display, except that
all the trellis barcharts would occupy equal-sized panels while the barcharts in
the mosaic plot would be of different sizes corresponding to the numbers in that
data subset.

It is often the case that related ideas are found under quite different names
and it is worth noting that displays known as “small multiples”, where the same
form of display is used for many different subsets or individuals in a matrix
layout, also have properties in common with trellis diagrams and mosaics. What
distinguishs mosaics from the other two most is that interactive implementations
exist. We can see using these how windows with structures very like mosaic plots
could be used to both survey complex data structures and to provide action tools
for exploring them.

Interactive mosaic plots are available in MANET [5] and in Mondrian [10].
The MANET implementation provides many interactive features which could be
adopted for an overview and action window — querying individual objects, mov-
ing through dimensions using the arrow keys (aggregating and disaggregating),
reordering variables with drag and drop, choosing other representation forms,
reordering categories using separate linked barcharts. What is missing is a fo-
cussing tool, but that could be added by implementing a tool like Data Desk’s
hot selection [14]. If a graphic is linked to a hot selector then it is automatically
limited to the cases in the currently selected subset. As the scale is linked by
default as well, this means that the relevant display expands to fill the window.
The implementation of hot selection in Data Desk is very impressive, as displays
are instanteously refocussed as the selection is changed. What is missing is an
orientation window or global view to show what the selection is in the data set
and what proportion of the data set is selected.

Providing orientation in a cartographic view is straightforward, we just have
to mark on the global map where the focus of our display window lies. Maps
are readily interpretable and viewers will know what location is meant. The
same cannot be said of viewers of mosaic plots or trellis diagrams. There are
no natural and familiar boundaries to guide the eye and there will be a differ-
ent overview for each data set. An approach is needed which both provides an
overview and labels it effectively. This could be achieved by marking the focus
in the overview window, lightening the non-focussed areas and adding a text
description of the relevant conditioning. The Augsburg software CASSATT for
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interactive parallel coordinates [15] uses this combination of highlighting selected
cases but optionally lightening or “ghosting” non-selected cases and this works
very well in de-emphasising the cases that are not currently of interest while still
giving context. It is more effective than just highlighting the selected cases and
the same effect would be anticipated for focussing. Text descriptions are useful
for exact specifications, but do not give context. One solution might be to addi-
tionally provide univariate plots of the conditioning variables with the selections
highlighted. For the occasional user (and probably the experienced user as well)
this will work better if the variables are always represented by the same plots
and are always in the same screen position, but this will only be possible for a
limited number of variables (even if highlighting and ghosting are used for these
displays as well).

Although the suggestions made above already imply a considerable over-
head for a system, they are still incomplete. Focussing on a subset will almost
certainly require making comparisons with other subsets, usually with “local”
subsets. Action controls are needed to identify relevant neighbours and facilitate
comparisons, either in parallel or sequentially.

8 Conclusions

It is easy to find many patterns in a large data set, but difficult to decide if they
have any statistical support and difficult to evaluate their importance. Visual
methods complement analytic procedures and offer an alternative approach. In-
teraction is essential both to interpret displays and to link them together. Both
global and local views are necessary, but they should be applied in an integrated
structure rather than just as a collection of individual displays. Support for
the user must include orientation, monitoring, navigation, focussing and com-
parisons. A new variant of mosaic plots could provide the overview and action
window, which is needed, especially if hot selection is added to the range of
interactive features and if effective conditioning methods can be designed and
implemented.
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Abstract. Many data mining techniques consist in discovering patterns
frequently occurring in the source dataset. Typically, the goal is to dis-
cover all the patterns whose frequency in the dataset exceeds a user-
specified threshold. However, very often users want to restrict the set of
patterns to be discovered by adding extra constraints on the structure of
patterns. Data mining systems should be able to exploit such constraints
to speed-up the mining process. In this paper, we focus on improving the
efficiency of constraint-based frequent pattern mining by using dataset
filtering techniques. Dataset filtering conceptually transforms a given
data mining task into an equivalent one operating on a smaller dataset.
We present transformation rules for various classes of patterns: itemsets,
association rules, and sequential patterns, and discuss implementation
issues regarding integration of dataset filtering with well-known pattern
discovery algorithms.

1 Introduction

Many data mining techniques consist in discovering patterns frequently occurring
in the source dataset. The two most prominent classes of patterns are frequent
itemsets [1] and sequential patterns [3]. Informally, frequent itemsets are subsets
frequently occurring in a collection of sets of items, and sequential patterns are
the most frequently occurring subsequences in sequences of sets of items. Fre-
quent itemsets themselves provide useful information on the correlations between
items in the database. Nevertheless, discovered frequent itemsets are very often
treated only as the basis for association rule generation [I]. Frequent itemsets,
association rules, and sequential patterns were introduced in the context of mar-
ket basket analysis but their applications also include fraud detection, analysis
of telecommunication systems, medical records, web server logs, etc.

Typically, in frequent pattern mining the goal is to discover all patterns
whose frequency (called support) in the source dataset exceeds a user-specified
threshold. If frequent patterns discovered are to be used to generate rules, the
minimum accepted confidence of a rule also has to be specified. Additionally, in
sequential pattern discovery several time constraints have been proposed to be

D.J. Hand et al. (Eds.): Pattern Detection and Discovery, LNAT 2447, pp. 77-01], 2002.
© Springer-Verlag Berlin Heidelberg 2002
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used when deciding if a given pattern is contained in a given sequence from the
source dataset [10]. Since it was shown that derivation of rules from patterns is a
straightforward task, the research focused mainly on improving the efficiency of
algorithms discovering all patterns whose support in the source dataset exceeds
a user-specified threshold.

However, it has been observed that users are very often interested in patterns
that satisfy more sophisticated criteria, for example concerning size, length, or
contents of patterns. Data mining tasks involving the specification of various
types of constraints can be regarded as data mining queries [7]. It is obvious
that additional constraints regarding the structure of patterns can be verified
in a post-processing step, after all patterns exceeding a given minimum support
threshold have been discovered. Nevertheless, such a solution cannot be consid-
ered satisfactory since users providing advanced pattern selection criteria may
expect that the data mining system will exploit them in the mining process to
improve performance. In other words, the system should concentrate on pat-
terns that are interesting from the user’s point of view, rather than waste time
on discovering patterns the user has not asked for [5].

We claim that techniques applicable to constraint-driven pattern discovery
can be classified into the following groups:

1. post-processing (filtering out patterns that do not satisfy user-specified pat-
tern constraints after the actual discovery process);

2. pattern filtering (integration of pattern constraints into the actual mining
process in order to generate only patterns satisfying the constraints);

3. dataset filtering (restricting the source dataset to objects that can possibly
contain patterns that satisfy pattern constraints).

As the post-processing solution was considered unsatisfactory, the researchers
focused on incorporating pattern constraints into classic pattern discovery algo-
rithms. This led to the introduction of numerous constraint-based pattern dis-
covery methods (e.g. [4][11]), all of which fall into the second group according to
our classification. It should be noted that some of the methods from this class
generate a superset of the collection of patterns requested by user, which means
that a post-processing phase might still be required. Nevertheless, all these meth-
ods use pattern constraints to reduce the number of generated patterns, leading
to a smaller set of patterns to be verified in the post-processing step than in case
of classic algorithms.

In this paper we discuss an alternative approach to constraint-based pattern
discovery, called dataset filtering. Dataset filtering is based on the observation
that for some classes of pattern constraints, patterns satisfying them can only
be contained in objects satisfying the same or similar constraints. The key is-
sue in dataset filtering is derivation of filtering predicates to be applied to the
source dataset from pattern constraints specified by a user. Dataset filtering is
a general technique applicable to various types of patterns but for a particular
class of patterns and a given constraint model distinct derivation rules have to
provided. We focus on two types of patterns: frequent itemsets and sequential
patterns. We also discuss extensions required to handle association rules. We
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assume a relatively simple constraint model with pattern constraints referring
to the size or length of patterns or to the presence of a certain subset or sub-
sequence. Nevertheless, we believe that types of constraints we consider are the
most intuitive and useful in practice.

Conceptually, dataset filtering transforms a given data mining task into an
equivalent one operating on a smaller dataset. Thus, it can be integrated with any
pattern discovery algorithm, possibly exploiting other constraint-based pattern
discovery techniques. In this paper we focus on the integration of dataset filtering
techniques within the Apriori framework. We discuss possible implementations
of dataset filtering within Apriori-like algorithms, evaluating their strengths and
weaknesses.

2 Background and Related Work

2.1 Frequent Itemsets and Association Rules

Let L = I1,1s,...,1,, be a set of literals, called items. An itemset X is a non-
empty set of items (X C L). The size of an itemset X is the number of items
in X. Let D be a set of variable size itemsets, where each itemset T in D has
a unique identifier and is called a transaction. We say that a transaction T
contains an item x € L if x is in T. We say that a transaction T' contains an
itemset X C L if T contains every item in the set X. The support of the itemset
X is the percentage of transactions in D that contain X. The problem of mining
frequent itemsets in D consists in discovering all itemsets whose support is above
a user-defined support threshold.

An association rule is an implication of the form X — Y, where X C L,
Y CL XNY = (. We call X the body of a rule and Y the head of a rule.
The support of the rule X — Y in D is the support of the itemset X UY. The
confidence of the rule X — Y is the percentage of transactions in D containing
X that also contain Y. The problem of mining association rules in D consists in
discovering all association rules whose support and confidence are above user-
defined minimum support and minimum confidence thresholds.

2.2 Sequential Patterns

Let L = l4,1o,...,1,, be a set of literals called items. An itemset is a non-empty
set of items. A sequence is an ordered list of itemsets and is denoted as <
X1Xs...X,, >, where X; is an itemset (X; C L). X; is called an element of the
sequence. The size of a sequence is the number of items in the sequence. The
length of a sequence is the number of elements in the sequence.

We say that a sequence X =< X7 X5...X,, > is a subsequence of a sequence
Y =< "Y5...Y,,, > if there exist integers i; < i3 < ... < i, such that X; C
Y, Xo CY,,,.... X CY; . Wecall <Y,,Y;,...Y;, > an occurrence of X in Y.

Given a sequence Y =< Y1Y5...Y,, > and a subsequence X, X is a contiguous
subsequence of Y if any of the following conditions hold: 1) X is derived from Y

12
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by dropping an item from either Y7 or Y,,. 2) X is derived from Y by dropping
an item from an element Y; which has at least 2 items. 3) X is a contiguous
subsequence of X', and X' is a contiguous subsequence of Y.

Let D be a set of variable length sequences (called data-sequences), where for
each sequence S =< 5155...5, > , a timestamp is associated with each S;. With
no time constraints we say that a sequence X is contained in a data-sequence
S if X is a subsequence of S. We consider the following user-specified time
constraints while looking for occurrences of a given sequence in a given data-
sequence: minimal and maximal gap allowed between consecutive elements of
an occurrence of the sequence (called min-gap and maz-gap), and time window
that allows a group of consecutive elements of a data-sequence to be merged
and treated as a single element as long as their timestamps are within the user-
specified window-size.

The support of a sequence < X;X5...X,, > in D is the fraction of data-
sequences in D that contain the sequence. A sequential pattern (also called a
frequent sequence) is a sequence whose support in D is above the user-specified
minimum support threshold.

2.3 Review of Classic Pattern Mining Algorithms

The majority of frequent itemset and sequential pattern discovery algorithms
fall into two classes: Apriori-like methods and pattern-growth methods. The first
group of methods is based on the Apriori algorithm for frequent itemset mining
[2]. Apriori relies on the property (called Apriori property) that an itemset can
only be frequent if all of its subsets are frequent. It leads to a level-wise proce-
dure. First, all possible 1-itemsets (itemsets containing 1 item) are counted in the
database to determine frequent 1-itemsets. Then, frequent 1-itemsets are com-
bined to form potentially frequent 2-itemsets, called candidate 2-itemsets. Can-
didate 2-itemsets are counted in the database to determine frequent 2-itemsets.
The procedure is continued until in a certain iteration none of the candidates
turns out to be frequent or the set of generated candidates is empty. Several ex-
tensions were added to improve the performance of Apriori (e.g. by reducing the
number of database passes). The algorithm also served as a basis for algorithms
discovering other types of patterns including sequential patterns.

The most prominent sequential pattern discovery algorithm from the Apri-
ori family is GSP, introduced in [I0]]. GSP exploits a variation of the Apriori
property: all contiguous subsequences of a frequent sequence also have to be fre-
quent. In each iteration, candidate sequences, are generated from the frequent
sequences found in the previous pass, and then verified in a database scan. It
should be noted that GSP (and its variants) is the only sequential pattern dis-
covery algorithm capable of handling time constraints (max-gap, min-gap, and
window-size).

Recently, a new family of pattern discovery algorithms, called pattern-growth
methods (see [6] for a review), has been developed for discovery of frequent
patterns. The methods project databases based on the currently discovered fre-
quent patterns and grow such patterns to longer ones in corresponding pro-
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jected databases. Pattern-growth methods are supposed to perform better than
Apriori-like algorithms in case of low minimum support thresholds. Neverthe-
less, practical studies [12] show that for real datasets Apriori (or its variants)
might still be a more efficient solution. Moreover, in the context of sequential
patterns pattern-growth methods still do not offer full functionality of GSP, as
they do not handle time constraints.

2.4 Previous Work on Constraint-Based Pattern Mining

As we mentioned earlier the research on constraint-based pattern mining focused
on incorporating pattern constraints into classic pattern discovery algorithms,
especially in the context of frequent itemsets and association rules. Pattern con-
straints in frequent itemset and association rule mining were first discussed in
[1]. Constraints considered there had a form of a Boolean expression in the dis-
junctive normal form built from elementary predicates requiring that a certain
item is or is not present. The algorithms presented were Apriori variants using
sophisticated candidate generation techniques. Rule constraints were handled by
transforming them into itemset constraints. It was observed that after discov-
ering all itemsets that can be used to generate the rules of interest, one extra
scan of the dataset is required to count the supports of some subsets, required
to evaluate confidences of some rules, and not known since the subsets did not
satisfy the derived itemset constraints.

In [8], two interesting classes of itemset constraints were introduced: anti-
monotonicity and succinctness, and methods of handling constraints belonging
to these classes within the Apriori framework were presented. The methods
for succinct constraints again consisted in modifying the candidate generation
procedure. For anti-monotone constraints it was observed that in fact almost no
changes to Apriori are required to handle them. A constraint is anti-monotone
if the fact that an itemset satisfies it, implies that all of its subsets have to
satisfy the constraint too. The minimum support threshold is an example of an
anti-monotone constraint, and any extra constraints of that class can be used
together with it in candidate pruning.

In [9], constraint-based discovery of frequent itemsets was analyzed in the
context of pattern-growth methodology. In the paper, further classes of con-
straints were introduced, some of which could not be incorporated into the
Apriori framework.

On the other hand, very little work concerning constraint-driven sequential
pattern discovery has been done so far. In fact, only the algorithms from the
SPIRIT family [4] exploit pattern structure constraints in order to improve per-
formance. These algorithms can be seen as extensions of GSP using advanced
candidate generation and pruning techniques. In the SPIRIT framework, pattern
constraints are specified as regular expressions, which is an especially convenient
method if a user wants to significantly restrict the structure of patterns to be
discovered. It has been shown experimentally that pushing regular expression
constraints deep into the mining process can reduce processing time by more
than an order of magnitude.
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3 Dataset Filtering in Constraint-Based Pattern Mining

In constraint-based pattern mining, we identify the following classes of con-
straints: database constraints, statistical constraints, pattern constraints, and
time constraints. Database constraints are used to specify the source dataset.
Statistical constraints are used to specify thresholds for the support and confi-
dence measures. Pattern constraints specify which of the frequent patterns are
interesting and should be returned by the query. Finally, time constraints used
in sequential pattern mining influence the process of checking whether a given
data-sequence contains a given pattern.

Basic formulations of pattern discovery problems do not consider pattern
constraints. We model pattern constraints as a conjunction of basic Boolean
predicates referring to pattern size or length (size constraints) or regarding the
presence of a certain subset or subsequence (item constraints).

It should be noted that not all pattern predicates support the dataset filter-
ing paradigm. For example, if a user is looking for frequent itemsets whose size
exceeds a given threshold, it is rather obvious that such itemsets can be con-
tained only in transactions whose size exceeds the same threshold. Thus, smaller
transactions can be excluded from the mining process, which should lead to per-
formance gains. On the other hand, if a user is interested in itemsets having the
size not exceeding a given threshold, dataset filtering is not applicable as such
itemsets can be contained in any transaction.

For each of the pattern predicates present in pattern constraints supporting
dataset filtering, the corresponding predicate on transactions or data-sequences
has to be derived. The resulting dataset filtering predicate is formed as a con-
junction of those derived predicates (recall that we consider pattern constraints
having the form of a conjunction of pattern predicates). The filtering predicate
is then used to discard objects in the source dataset that cannot contain the pat-
terns of interest. Below we identify pattern predicates in case of which dataset
filtering is applicable in the context of frequent itemsets, association rules and
sequential patterns. For each of the identified pattern predicates we provide a
corresponding predicate on source objects, to be used in dataset filtering. As we
will show, dataset filtering is rather straightforward in frequent itemset discov-
ery but becomes more complicated in sequential pattern mining thanks to time
constraints.

3.1 Dataset Filtering in Frequent Itemset Discovery

Let us consider the following predicate types that can appear in pattern con-
straints of a frequent itemset query:

— p(SG, «a, itemset) - true if itemset size is greater than «, false otherwise;

— p(C, v, itemset) - true if «y is a subset of the itemset, false otherwise;

Theorem 1. [temsets of size greater than k cannot be contained in a transaction
whose size is not greater than k.
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Proof. The proof is obvious since an itemset is contained in a transaction if it is
a subset of the set of items present in the transaction.

Theorem 2. Frequent itemsets, to be returned by a data mining query, contain-
ing a given subset can be supported only by transactions containing that subset.

Proof. An itemset is contained in a transaction if it is a subset of the set of items
present in the transaction. The transitivity of set inclusion relationship implies
that if an itemset having a given subset is contained in a given transaction, the
transaction also has to contain the subset.

According to the above theorems the following dataset filtering predicates are
applicable in frequent itemset mining;:

— 7(SG, «, transaction) - true if the size of the transaction is greater than c,
false otherwise;

— 7(C, 7, transaction) - true if the transaction contains the set ~, false oth-
erwise;

For a frequent itemset query with pattern constraints, an appropriate dataset
filtering predicate is derived in the following way: For each of the pattern pred-
icates from the left column of Table 1 present in the query, the corresponding
transaction predicate from the right table column is added to the dataset filtering
predicate.

Table 1. Derivation rules for frequent itemset mining

Pattern predicate  Transaction predicate

p(SG, a, itemset) T(SG, a, transaction)
p(C, v, itemset)  7(C, v, transaction)

3.2 Dataset Filtering in Association Rule Discovery

Let us consider the following predicate types that can appear in pattern con-
straints of an association rule query:

— p(SG, a, rule) - true if the number of items in the rule is greater than «,
false otherwise;

— p(C, v, rule) - true if all items from ~ are present in the rule, false otherwise;

— p(SG, a, body(rule)) - true if the size of the rule’s body is greater than «,
false otherwise;

— p(C, v, body(rule)) - true if 7 is a subset of the rule’s body, false otherwise;

— p(SE, a, body(rule)) - true if the size of the rule’s body is «, false otherwise;
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p(E, v, body(rule)) - true if the rule’s body is equal to v, false otherwise;
— p(SG, a, head(rule)) - true if the size of the rule’s head is greater than «,
false otherwise;

p(C, 7, head(rule)) - true if 7 is a subset of the rule’s head, false otherwise;
— p(SE, a, head(rule)) - true if the size of the rule’s head is «, false otherwise;
p(E, 7, head(rule)) - true if the rule’s head is equal to ~, false otherwise;

We observe that the rule predicates can be directly transformed into pred-
icates on itemsets that can be used to generate the rules having the desired
properties. All the items required in the rule, rule’s body, or rule’s head have
to appear in the frequent itemsets from which the rules are to be generated.
The size threshold on rules implies the same threshold on itemsets. However, if
a given size of the rule’s body or head is required, then the itemset must have
at least one more item (neither the head nor the body can be empty). Table 2
presents a corresponding itemset predicate for each of the rule predicates. (In
fact, if the predicates for both head and body are present, and at least one of
them is a size predicate, a more restrictive itemset size predicate can be derived.
We omit the details for the sake of simplicity.)

Table 2. Rule predicates and their corresponding itemset predicates

Rule predicate Itemset predicate
o(SG, a, rule) p(SG, a, itemset)

p(C, 7, rule) p(C, v, itemset)
p(SG, a, body(rule)) p(SG, a+ 1, itemset)
o(C, ~, body(rule)) p(C, 7, ztemset)

p SE a, body(rule)) p(SG, «, itemset)

p

p(SG, a, head(rule)) p(SG, o+ 1, itemset)
p(C, 7, head(rule)) p(C, v, itemset)
p(SE, «, head(rule)) p(SG, «, itemset)

(

(C (C

( (

( (C

( (

E , 7, body(rule)) pE Y ztemset)
(C (C

( (

p(E, v, head(rule)) p(C

, Y, itemset)

As the rule predicates implicate itemset predicates, there is no need to provide
separate derivation rules for dataset filtering predicates to be used in association
rule mining. It should be noted that while the collection of discovered frequent
itemsets supporting the constraints derived from the rule constraints is sufficient
to generate all the required rules, it may not contain all the itemsets needed to
evaluate confidences of the rules as certain subsets of those itemsets may not
satisfy pattern constraints. This problem is not specific to our dataset filtering
techniques, and has to be solved by an extra scan of the dataset. In that extra
scan, supports of itemsets whose support is needed but not known have to be
counted.
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3.3 Dataset Filtering in Sequential Pattern Discovery

Let us consider the following predicate types that can appear in pattern con-
straints of a sequential pattern query:

— 7(SG, «, pattern) - true if pattern size is greater than «, false otherwise;

7(LG, «, pattern) - true if pattern length is greater than «, false otherwise;

7m(C, B3, pattern) - true if § is a subsequence of the pattern, false otherwise;

p(SG, a, pattern,) - true if the size of the n-th element of the pattern is

greater than «, false otherwise;

— p(C, ~, pattern,,) - true if v is a subset of the n-th element of the pattern,
false otherwise;

Theorem 3. Sequential patterns of size greater than k cannot be contained in
a data-sequence whose size is not greater than k.

Proof. The proof is obvious since an occurrence of a pattern in a sequence must
consist of the same number of items as the pattern.

Theorem 4. Sequential patterns of length greater than k, to be returned by a
data mining query, can be contained only in data-sequences which contain some
sequence of length k + 1 using maz-gap, min-gap, and window-size specified in
the query.

Proof. Each sequential pattern of length greater than k has at least one contigu-
ous subsequence of length k + 1. If a data-sequence contains some sequence, it
contains every contiguous subsequence of that sequence. Thus, if a data-sequence
contains some sequence of length greater than k, it contains at least one sequence
of length k£ + 1.

Theorem 5. Sequential patterns, to be returned by a data mining query, con-
taining a given sequence can be contained only in data-sequences containing that
sequence using min-gap and window-size specified in the query, and mazx-gap of
+00.

Proof. If a data-sequence contains some sequence using certain values of max-
gap, min-gap, and window-size, it also contains every contiguous subsequence
of the sequence, using the same time constraints. If max-gap is set to o0, a
data-sequence containing some sequence contains all its subsequences.

Theorem 6. Sequential patterns, to be returned by a data mining query, whose
n-th element has the size greater than k can be contained only in data-sequences
which contain some 1-element sequence of size k4 1 using window-size specified
in the query.
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Proof. Each 1-element subsequence of any sequence is its contiguous subsequence
(from the definition of a contiguous subsequence). If any element of a sequence
has the size greater than k, the sequence has at least one 1-element contiguous
subsequence of size k+ 1. If a data-sequence contains some sequence, it contains
every contiguous subsequence of that sequence. Thus, if a data-sequence contains
some sequence whose n-th element has the size greater than k, it has to contain
some l-element sequence of size k + 1.

Theorem 7. Sequential patterns, to be returned by a data mining query, whose
n-th element contains a given set can be contained only in data-sequences which
contain a 1-element sequence having the set as the only element, using time
constraints specified in the query.

Proof. Each 1-element subsequence of any sequence is its contiguous subsequence
(from the definition of a contiguous subsequence). If any element of a sequence
contains a given set, a 1-element sequence formed by the set is a contiguous sub-
sequence of the sequence. If a data-sequence contains some sequence, it contains
every contiguous subsequence of that sequence. Thus, if a data-sequence con-
tains some sequence whose n-th element contains a given set, it has to contain
a l-element sequence having the set as the only element.

According to the above theorems the following dataset filtering predicates are
applicable in sequential pattern mining:

— 0(SG, «a, sequence) - true if the size of the data-sequence is greater than «,
false otherwise;

— o(C, B, sequence, maxgap, mingap, window) - true if the data-sequence
contains the sequence forming the pattern § using given time constraints,
false otherwise;

— 0(CS, «, sequence, window) - true if there exists a 1-element sequence of
size a that is contained in the sequence with respect to the window-size
constraint, false otherwise;

— o(CL, a, sequence, maxgap, mingap, window) - true if there exists a se-
quence of length « that is contained in the sequence with respect to the
max-gap, min-gap, and window-size constraints, false otherwise.

For a sequential pattern query with pattern constraints, an appropriate dataset
filtering predicate is derived in the following way: For each of the pattern pred-
icates from the left column of Table 3 present in the query, the corresponding
data-sequence predicate from the right table column is added to the dataset
filtering predicate.

In the above table, < 7 > denotes a 1-element sequence having the set v as its
only element, while maz, min, and win represent values of max-gap, min-gap,
and window-size time constraints respectively.
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Table 3. Derivation rules for sequential pattern mining

Pattern predicate Data-sequence predicate

m(SG, a, pattern)  o(SQG, a, sequence)

m(LG, a, pattern) o(CL, o + 1, sequence, mazx, min, win)
w(C, B, pattern) o(C, B, sequence, +00, min, win)
p(SG, a, pattern,) o(CS, a+ 1, sequence, win)

o(C, v, patterny) o(C, < v >, sequence, max, min, win)

4 Implementation Issues Regarding Dataset Filtering

If any pattern predicates supporting dataset filtering are present in the pattern
query specifying a certain pattern discovery task, the query can be transformed
into a query representing a discovery task on a potentially smaller dataset in the
following way. Firstly, database constraints of the query have to be extended by
adding the appropriate dataset filtering predicate to them (the filtering predicate
is derived according to the rules presented in the previous section). Secondly,
the minimum support threshold has to be adjusted to the size of the filtered
database. This step is necessary because the support of a pattern is expressed
as the percentage of objects (transactions or data-sequences) containing the
pattern. The theorems proved in the previous section guarantee that the number
of objects containing a given pattern in the original and filtered dataset will be
the same as long as the pattern satisfies pattern constraints. Thus, we have
the following relationship between the support of a pattern p (satisfying pattern
constraints) in the original and filtered datasets: supr(p) =| D | *sup(p)/ | Dr |,
where supp(p) and sup(p) denote the support of the pattern p in the filtered and
original dataset respectively, and | Dp | and | D | denote the number of objects
in the filtered and original dataset respectively. After the patterns frequent in the
filtered dataset have been discovered, their support has to be normalized with
respect to the number of objects in the original dataset according to the above
formula (the user specifies the support threshold as the percentage of objects in
the original dataset, and expects that the supports of discovered patterns will
be expressed in the same way).

Dataset filtering techniques can be combined with any frequent pattern dis-
covery algorithm since they conceptually lead to a transformed discovery task
guaranteed to return the same set of patterns as the original task. The trans-
formation of the source dataset (by filtering out objects that cannot contain
patterns of interest) and adjustment of the minimum support threshold can
be performed before the actual discovery process. However, in reality such ex-
plicit transformation might be impossible due to space limitations. Moreover, it
may not lead to the optimal solution because of one extra scan of the dataset
performed during the transformation. A natural solution to this problem is inte-
gration of dataset filtering techniques within pattern mining algorithms. Thus,
dataset filtering can be performed together with other operations in the first
scan of the dataset required by a given algorithm. Please note that if dataset
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filtering is integrated within a pattern mining algorithm, the support conversions
discussed above are not necessary because the support can always refer to the
number of objects in the original dataset.

Regarding integration of dataset filtering within the Apriori framework, there
are two general implementation strategies possible. The filtered dataset can ei-
ther be physically materialized on disk during the first iteration or filtering can
be performed on-line in each iteration. The second option might be the only
solution if materialization of the filtered dataset is not possible due to space
limitations.

Below we present two algorithm frameworks following the two strategies. We
do not present separate solutions for frequent itemset and sequential pattern
discovery. Instead, we consider a general pattern discovery task in a collection
of objects. These objects are transactions or data-sequences depending on the
actual discovery task. Pattern constraints and dataset filtering predicates are
also different for frequent itemsets and sequential patterns. Additionally, in the
context of sequential patterns the containment relationship takes into account
time constraints specified by a user. The general algorithms presented below
take a collection D of objects, the minimum support threshold (and optionally
time constraints), and pattern constraints as input, and return all frequent
patterns in D satisfying all the provided constraints.

Algorithm 1 Apriori on materialized filtered dataset
begin
DF = dataset filtering predicate derived from pattern constraints;
scan D in order to:
1) evaluate minimum number of supporting
objects for a pattern to be called frequent (mincount)
2) find L; (set of items contained in at
least mincount objects satisfying DF);
3) materialize the collection D’ of objects from D
satisfying DF’;
for (k =2; L1 # 0; k++) do
begin
Cy = apriori_gen(Lg_1); /* generate new candidates */
if C, = () then break;
forall objects d € D’ do
forall candidates ¢ € C do
if d contains ¢ then

c.count +-+;
end if;
Ly = { c € C | c.count > mincount};

end;
output patterns from Uy Lj satisfying pattern constraints;
end.
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Algorithm 2 Apriori with on-line dataset filtering

begin

DF = dataset filtering predicate derived from pattern constraints;
scan D in order to:

1) evaluate minimum number of supporting

objects for a pattern to be called frequent (mincount)

2) find L; (set of items contained in at

least mincount objects satisfying DF);
for (k =2; L1 # 0; k++) do
begin

C, = apriori_gen(Ly_1); /* generate new candidates */

if C, = ) then break;

forall objects d € D do

if d satisfies DF then
forall candidates ¢ € C}, do
if d contains ¢ then
c.count ++;
end if;
end if;

Ly ={ ce€ Cy | c.count > mincount};
end;
output patterns from Uy Ly satisfying pattern constraints;

end.

Both algorithms start with deriving dataset filtering predicates from pattern
constraints provided by a user. In the first approach these dataset filtering pred-
icates are used in the first scan of the source dataset to select and materialize
the collection of objects on which subsequent scans will be performed. All the
objects from the materialized filtered collection are then used in the candidate
verification phases. In the second approach dataset filtering predicates are used
in each scan of the source dataset and objects that do not satisfy them are ex-
cluded from the candidate verification process. When the discovery of sequential
patterns in the filtered dataset is finished, a post-processing step filtering out
patterns that do not satisfy user-specified pattern constraints is applied in both
approaches. This phase is required since dataset filtering itself, regardless of the
implementation details, does not guarantee that only patterns supporting pat-
tern constraints are to be discovered. It should be noted that the support of
patterns not satisfying user-specified pattern constraints, counted in the filtered
dataset, can be smaller than their actual support in the original dataset, but it
is not a problem since these patterns will not be returned to the user. More-
over, this is in fact a positive feature as it can reduce the number of generated
candidates not leading to patterns of user’s interest.
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5 Performance Analysis

In order to evaluate performance gains offered by our dataset filtering techniques,
we performed several experiments on synthetic datasets. We measured perfor-
mance improvements thanks to dataset filtering applied to the Apriori algorithm
for frequent itemset mining, and GSP for sequential patterns. As we might have
expected, the performance gains depend on the selectivity of dataset filtering
predicates derived from pattern constraints (expressed as the percentage of ob-
jects in the dataset satisfying dataset filtering constraints). In general the lower
the selectivity factor the better, but the actual performance depends not only on
the selectivity but also on data distribution in the filtered dataset. We observed
that item constraints led to much better results (reducing the processing time 2
to 5 times) than size constraints (typically reducing the processing time by less
than 10%). This is due to the fact that the patterns are usually smaller in terms
of size or length than source objects, and therefore even restrictive constraints
on pattern size/length result in weak constraints on source objects. As a con-
sequence, if the actual task is discovery of association rules, and the only rule
constraints present are size constraints, the gains due to dataset filtering some-
times do not compensate the cost of an extra pass needed to evaluate confidences
of the rules.

Regarding the implementation strategies, for item constraints implementa-
tions involving materialization of the filtered dataset were more efficient than
their on-line counterparts (the filtered dataset was relatively small and the mate-
rialization cost was dominated by gains due to the smaller costs of dataset scans
in candidate verification phases). However, in case of size constraints rejecting
a very small number of source objects, materialization of the filtered dataset
sometimes lead to longer execution times than in case of the original algorithms.
The on-line dataset filtering implementations were in general more efficient than
the original algorithms even for size constraints (except for a situation, unlikely
in practice, when the size constraint did not reject any source objects).

In the experiments, we also observed that decreasing the minimum support
threshold or relaxing time constraints worked in favor of our dataset filtering
techniques, leading to bigger performance gains. This behavior can be explained
by the fact that since dataset filtering reduces the cost of candidate verification
phase, the more this phase contributes to the overall processing time, the more
significant relative performance gains are going to be. Decreasing the minimum
support threshold also led to slight performance improvement of implementa-
tions involving materialization of the filtered dataset in comparison to their
on-line counterparts. As the support threshold decreases, the maximal length of
a frequent patterns (and the number of iterations required by the algorithms)
increases. Materialization is performed in the first iteration and reduces the cost
of the second and subsequent iterations. Thus, the more iterations are required,
the better the cost of materialization is compensated.
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6 Concluding Remarks

We have discussed application of dataset filtering techniques to efficient frequent
pattern mining in the presence of various pattern constraints. We identified the
types of pattern constraints in case of which dataset filtering is applicable in
the context of frequent itemsets, association rules, and sequential patterns. For
each of the pattern constraint types we provided an appropriate dataset filtering
predicate. Dataset filtering techniques can be applied to any frequent pattern dis-
covery algorithm since they conceptually lead to an equivalent data mining task
on a possibly smaller dataset. We focused on the implementation details con-
cerning integration of dataset filtering techniques within the Apriori framework.
Our experiments show that dataset filtering can result in significant performance
improvements, especially in case of pattern constrains involving the presence of
a certain subset or subsequence, which we believe are the most usuful ones.
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Abstract. Strong association rules are one of basic types of knowledge.
The number of rules is often huge, which limits their usefulness. Apply-
ing concise rule representations with appropriate inference mechanisms
can lessen the problem. Ideally, a rule representation should be loss-
less (should enable derivation of all strong rules), sound (should forbid
derivation of rules that are not strong) and informative (should allow de-
termination of rules’ support and confidence). In the paper, we overview
the following lossless representations: representative rules, Duquenne-
Guigues basis, proper basis, Luxenburger basis, structural basis, minimal
non-redundant rules, generic basis, informative basis and its transitive
reduction. For each representation, we examine whether it is sound and
informative. For the representations that are not sound, we discuss ways
of turning them into sound ones. Some important theoretical results re-
lated to the relationships among the representations are offered as well.

1 Introduction

Strong association rules are one of basic types of knowledge discovered from large
databases. The number of association rules is often huge, which limits their use-
fulness in real life applications. A possible solution to this problem is to restrict
extraction of rules to those that are strictly related to user’s needs. Statistical
measures can be used to determine whether a rule is useful for predictive pur-
poses or reveals surprising relationships. Such measures are usually heuristic and
subjective. Another approach to the problem, we will consider in this paper, con-
sists in applying appropriate inference mechanisms to concise representations of
strong association rules. In an ideal case, a rule representation should be lossless
(should enable derivation of all strong rules), sound (should forbid derivation of
rules that are not strong) and informative (should allow determination of rules
parameters such as support and confidence). Let us note that the usefulness of
a lossless rule representation that admits identification of non-strong rules as
strong ones is questionable. In the result, the user provided with such a set of
rules will not know which of them are correct and which are not, although the
set contains all strong rules. The aspect of soundness of rule representations
has not been captured except for the representative rules [4,7]. In the paper, we
will overview the following lossless representations of strong association rules:

D.J. Hand et al. (Eds.): Pattern Detection and Discovery, LNAI 2447, pp. 92-{109, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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representative rulesﬂ, Duquenne-Guigues basis, proper basis, Luxenburger basis,
structural basis [10,11], minimal non-redundant rules, generic basis, informative
basis and its transitive reduction [3,10] B For each representation, we examine
whether it is sound and informative. For the representations that are not sound,
we discuss ways of turning (extending) them into sound ones. Some important
theoretical results related to the relationships among the representations are
offered as well.

2 Basic Notions: Association Rules, Frequent Itemsets,
Closed Itemsets, and (Generators

The notion of association rules and the problem of their discovering were in-
troduced in [2] for sales transaction database. Association rules identify sets of
items that are purchased together with other sets of items. For example, an
association rule may state that 80% of customers buy fish also buy white wine.

Definition 2.1. Let I = {i1,142,... ,imn } be a set of distinct literals, called items
(e.g. items to be sold). Any subset X of items in I is called an itemset; that is
X C I. A transaction database, denoted by D, is a set of itemsets. Each itemset
T in D is a transaction. An association rule is an expression associating two
itemsets:

X =Y, wherel #Y Cc Tand X C I\Y.

X is called the antecedent, and Y is called the consequent of the rule. The
rule X — Y is said to be based on X UY, and X UY is called the base of X — Y.
AR will denote the set of all association rules that can be created from itemsets
X ClI. O

Itemsets and association rules are characterized by simple statistical param-
eters stating their importance or strength.

Definition 2.2. Statistical significance of an itemset X is called support and is
denoted by sup (X). sup(X) is defined as the number of transactions in D that
contain X; that is sup (X) = {T € D|X C D}|. Statistical significance (support)
of arule X — Y is denoted by sup (X — Y) and is defined as support of the
base X UY of the rule X — Y, ie. sup(X = Y) = sup (X UY). The confidence
(strength) of an association rule X — Y is denoted by conf (X — Y) and is
defined as the conditional probability that Y occurs in a transaction provided
X occurs in the transaction; that is conf (X = Y) =sup(X = Y) /sup (X). O

Usually, one is interested in discovering patterns and association rules of high
support and confidence.

! Independently in 1998, it was proposed in [1] to discard so called simple redundant
and strict redundant association rules, which strictly correspond to the association
rules that are not representative. In the result, the set of remaining association rules
is equal to the set of representative rules as defined in [4]. Representative rules were
also rediscovered in 2001 in [8] under the name of representative basis.

2 In our review we skipped the representation from [12] as it is currently in an early
stage - subject to further research.
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Definition 2.3. Itemsets whose support is above the minimum support thresh-
old minSup are denoted by F and called frequent; i.e. F = {X C I|sup(X) >
minSup}. Strong association rules are denoted by AR and are defined as asso-
ciation rules whose support is above the minimum support threshold minSup
(minSup € [0,]|D|)) and confidence is above the minimum support confidence
minConf (minConf € [0,1)); that is:

AR = {r € AR|sup (r) > minSup A conf (r) > minConf}. <&

The minimum support thresholds minSup and minConf are supposed to be
defined by a user. The problem of deriving strong association rules from the
database is usually decomposed into two subproblems:

1. Generate all frequent itemsets F.

2. Generate all association rules from F. Let Z € F and §) # X C Z. Then any
candidate rule X = Z X is association one if sup (Z) /sup (X) > minConf.
Efficient solutions to these subproblems apply the following important prop-

erty of itemsets, which reduces evaluations of candidate itemsets and candidate

rules considerably: All subsets of a frequent itemset are frequent and all super-
sets of an infrequent itemset are infrequent. The property follows the observation

that sup (X) > sup (V) for X C Y.

A number of concise lossless representations have been proposed for both
frequent itemsets (see e.g. [6,7] for an overview) and strong association rules.
The representations based on generators and closed itemsets, which, although
not the most concise ones, play an important role among the representations of
frequent itemsets, since they can be applied for direct derivation of the majority
of association rules representations. For example, in the case of representative
association rules [5] and informative basis [3], the antecedent of any such rule
is a generator, while the consequent is a closed itemset decreased by the items
present in the rule’s antecedent. Below we recollect the notions of closed itemsets
and generators:

Definition 2.4. Let X C I. We define the closure operator v (X) as the inter-
section of transactions in D containing X, i.e.: v (X) ={T € D|T 2 X}. An
itemset X is closed if v (X) = X. The set of all closed itemsets is denoted by C.
Let X be a closed itemset. A minimal itemset Y satisfying v (Y) = X is called a
generator of X. By G (X)) we will denote the set of all generators of X. The union
of generators of all closed itemsets will be denoted by G, i.e. G = Jxcc G (X).©

Clearly, v (X) is the greatest (w.r.t. set inclusion) itemset that occurs in all
transactions in D in which X occurs and has the same support as X, while each
generator in G(X) is such a minimal itemset.

Property 2.1 [7]. Let X C I.

a) If X CY and sup(Y) = sup (X), then v(Y) = v (X),
b) X e Cifft VY CI,if Y D X, then sup (X) # sup(Y),
c) X eGiff VY C I, if Y C X, then sup (X) # sup(Y),
d) X CZiff y(X)C Z for all Z €C.

Definition 2.5. Frequent closed itemsets will be denoted by F'C, that is F'C =
F NC. Frequent generators will be denoted by F'G, that is FG = F NG. O
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3 Rule Inference Mechanisms

This section presents rule inference mechanisms understood as methods of deriv-
ing association rules based on other rules. We start with reminding Armstrong’s
azioms and the rule confidence transitivity property [9]. Then we will present the
notion of a cover operator we introduced in [4]. Finally, we present a method
of reasoning with rules based on closed itemsets that was addressed in [3,10,11,
12].

3.1 Armstrong’s Axioms (AA)

Armstrong Axioms relate only to association rules that are certain:

Property 3.1.1 (of Armstrong’s axioms).

a) conf (X - X) =1

b) conf( X -Y)=1= conf ( XUZ—-Y)=1,

c)conf(X =Y)=1Aconf YUZ—->W)=1= conf(XUZ—-W)=1.

3.2 Confidence Transitivity Property (CTP)

The property of rules inference was proposed by Luxenburger [9]. Unlike Arm-
strong axioms, it can be applied to association rules that are not certain.

Property 3.2.1 (of confidence transitivity). Let X C Y C Z. Support and
confidence of the rule X — Z\X can be derived from confidences of the rules:
X —->Y\X and Y — Z\Y, as follows:
a) sup (X —» Z2\X) =sup (Y —» Z\Y),
b) conf (X — Z\X) = conf (X — Y\X) x conf (Y — Z\Y),

The confidence of the rule derived by applying confidence transitivity infer-
ence is never greater than the confidences of rules from which it was calculated.

3.3 Cover Operator (C)

In [4] we introduced the concept of cover operator, which given a strong associ-
ation rule X — Y, derives a set of strong association rules by simple syntactical
transforming of X — Y.

Definition 3.3.1. The cover C of an association rule X — Y is defined as:
C(X=>Y)={XUZ>V|ZVCYANZNV =0AV #£0}. O

Each rule in C'(X — Y") consists of a subset of items occurring in the rule
X — Y. The antecedent of any rule r covered by X — Y contains X and perhaps
some items in Y, whereas r’'s consequent is a non-empty subset of the remaining
items in Y. In other words, C' (X — Y') contains all rules obtained from X — Y
by deleting a subset of items from Y (i.e. strict redundant rules in terminology
from [1]) and/or moving a subset of items from Y to X (i.e. simple redundant
rules in terminology from [1]). For the cover C the following property holds:
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Proposition 3.3.1 (of cover inference) [4]. Let r be an association rule.
a) If v € C'(r), then sup (1) > sup (r) and conf (r') > conf (r),

b) If r € AR and v’ € C (), then r’ € AR,

c) If r € AR, then C (r) C AR.

So, C derives only strong rules from each strong association rule.

Table 1. Example database D Table 2. The cover of the rule r : ({b} — {de})

Id| Transaction #|Rule »" in C(r)|Support of r’|Confidence of 7’
Ty| {abcd} 1. {b} — {de} 4 80%
Ty | {abedef} 2. {b} = {d} 4 80%
T3 | {abedehi} 3. {b} —{e} 5 100%
Tyl  {abe} 4. {bd} — {e} 4 100%
Ts| {bedehi} 5. {be} — {d} 4 80%

Example 3.3.1. Let us consider the database from Table 1. Let r : {b} — {de}.
Then, C'(r) = {{b} — {de}, {0} — {d},{b} — {e},{bd} — {e},{be} — {d}}
(see also Table 2). The support of 7 is equal to 4 and its confidence is equal to
80%. The support and confidence of all other rules in C (r) are not less than the
support and confidence of r. a

The next proposition states that the number of association rules covered by
a given rule r depends only on the number of items in the consequent of 7.

Proposition 3.3.2 [4]. |C (X —Y)|=3™ —2™, where m = |Y]|.

Example 3.3.2. Let us consider association rule r : ({b} — {de}) (see Table 2).
Then, |C (r)| = 3% — 22 =9 — 4 = 5. Thus, r represents 5 association rules. 0O

Proposition 3.3.3 [4]. Let r : (X = Y) and ' : (X' = Y’) be association
rules. The following statements are equivalent:

a)r’ e C(r),

b) X’UY'CXUYAX DX,

) X'UY CXUYAX'DXAY' CY.

Corollary 3.3.1. Let r # /. If r € C ('), then v' /&C (7).

3.4 Closure-Closure Rule Inference (CCI)

Closure-closure rule inference is based on the observation that the support of an
itemset is equal to the support of its closure:

Property 3.4.1 (of closure-closure rule inference). Let X — Y\ X, where
X CY, be arule under consideration. Then:

a) sup (X — Y\X) = sup (7 (V).

b) conf (X — Y\X) = sup (3 (V) /sup (1 (X)) .

) (X =Y\ X)e AR if (v (X) = v (YY) \v (X)) € AR.

Property 3.4.2 (of closure determination) [3]. Let X be an itemset. The
closure v (X) is equal to the smallest (w.r.t. set inclusion) closed itemset con-
taining X.
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4 Classes of Representations of Association Rules

Definition 4.1. A pair (R, =), where R C AR and |= is a rule inference mech-
anism, is called a representation of association rules. <&

Let AR’ be a subset (proper or improper) of association rules. We define the
following classes of representations of association rules.

Definition 4.2. (R, =) is called lossless representation of AR’ if = derives all
association rules in AR’ from R. (R, ) is called sound representation of AR’
if all rules derivable from R by |= belong to AR'. (R, ) is called informative
representation if = determines support and confidence for each rule derivable
from R. <

In general, the proposed rule classes are not mutually exclusive. In fact, it is
desirable so that a representation (R, =) of strong association rules AR belongs
to all three categories. However, if the representation (R, =) is not informative,
but is lossless and sound, then it is still useful in that it provides all and only
strong association rules. It means it derives all and only rules required by the
user. The representation that is sound is also of value as it derives some, though
not all, association rules. The representation (R, =) that is lossless and infor-
mative, but not sound, can be easily transformed into a lossless, informative,
and sound one. It is enough to discard those derived rules that have support or
confidence below the required threshold. On the other hand, the representation
(R, ) of AR, which is lossless, but is neither sound nor informative, is of no
value. Although such a representation derives a superset of strong association
rules, there is no method to determine, which of the derived rules are strong and
which are not. Hence, the user does not know, which rules are sufficiently ”true”
and provide important knowledge.

5 Lossless Representations of Association Rules

In [4], we introduced a concept of representative association rules as a lossless
and sound representation of strong association rules. The other lossless represen-
tations of strong association rules that were proposed in the literature distinguish
between certain (ezact) association rules, whose confidences are equal to 1, and
approzimate rules, whose confidences are less than 1. The corresponding repre-
sentations consist of two parts: one that represents all certain rules, and another
one that represents all approximate rules. In the case of two-part representations,
soundness have not been considered so far.

5.1 Representative Association Rules

Having C' as a mechanism for inferring rules of not worse quality than a given
rule, it is justified to restrict generation of AR to a set of rules covering all
others. In the sequel, such a minimal base of rules will be called representative
association rules (or briefly representative rules) and will be denoted by RR.
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Definition 5.1.1. Representative rules RR are those strong association rules
that are not covered by other strong association rules:

RR ={re AR|-3r" € AR, #r Ar e C(r)}. &
By definition of RR, no representative association rule belongs to the cover

of another strong association rule. On the other hand, RRs are sufficient to
derive all strong association rules by applying the cover operator:

Lemma 5.1.1 [7]. Vr € AR 3’ € RR such that r € C (+').
Theorem 5.1.1 [7]. AR =, crr C (7).

Proof. By Lemma 5.1.1, |J,crr C (1) 2 AR (*). By Proposition 3.3.1,
Vr € RR C(r) C AR (+*). Hence, by () and (x*),U,¢ .. C (1) = AR. O

Corollary 5.1.1. (RR,C) is a lossless and sound representation of ARs.

In general, the pair (RR,C) is not informative. However, if a rule r be-
longs to the cover of several representative rules, say R C RR, then sup (r) >
max{sup (r)|r € C(r'),r" € R}, and conf (r) > mazx{conf (r)|r € C (v'),r" €
R}. This observation may improve estimation of support and confidence of rules
that are not representative.

Observe that in order to determine whether X — Z\ X is strong or not, it is
not necessary to calculate covers of rules in R'R explicitly. According to Lemma
5.1.1 and Propositions 3.3.1, 3.3.3, X — Z\X is strong if there is X' — Z'\ X'
in RR such that X’ C X and Z’ O Z. Hence, determination if X — Z\X is
strong, can be carried out by matching a candidate rule against representative
rules, and is linear in the worst case.

Example 5.1.1. Given minSup = 2 and minConf = 77%, the following repre-
sentative rules would be found for the database D from Table 1 (see also Table
3): RR = {0 — {abe}[4,4/5],0 — {becde}[4,4/5],{ac} — {bde}[3,1],{ad} —
{bce}[3,1]}. There are 4 representative association rules in RR, whereas the
number of all association rules in AR is 112. Hence, R'R constitutes 3.57% of
AR. Let us now test if the rules {b} — {e} and {a} — {bc} are strong. The rule
{b} — {e} is strong because it belongs to the cover of, for example, the repre-
sentative rule () — {bcde}. The second rule {a} — {bc} is not strong, as there
is no representative rule covering it, i.e. having a subset of {a} as an antecedent
and a superset of {abc} as a base. O

The proposition below states that each representative rule is based on a
frequent closed itemset and its antecedent is a frequent generator.

Proposition 5.1.1 [5,7]. If (X — Z\X) € RR, then X € FG and Z € FC.

5.2 Generic Basis, Informative Basis, and Related Representations

In this subsection, we recall after [3,10] a concept of minimal non-redundant
association rules and related representations of association rules. Next we exam-
ine these concepts more thoroughly showing their strong and weak points and
proposing solutions to the weak points.
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Table 3. The representations of strong association rules mined in the database from
Table 1 given minSup = 2 and minConf = 77%, 70% and 50%, respectively

Representation|minConf = 77% |minConf = 70% minConf = 50%
RR 0 — {abe}|4,4/5] |0 — {abe}[4,4/5] 0 — {abcde}(3,3/5]
0 — {bede}[4,4/5]|0 — {bcde}[4,4/5]
{ac} — {bde}[3,1]|{a} — {bede}[3,3/4]
{ad} — {bce}[3,1]|{c} — {abde}[3,3/4]
{d} — {abce}[3,3/4
GB 0 — {be}[5,1] 0 — {be}]5,1] 0 — {be}[5,1]
{a} = {be}[4,1]  {a} — {be}[4,1] {a} — {be}[4,1]
{c} — {bde}[4,1] |{c} — {bde}[4,1] {c} — {bde}[4,1]
{d} — {bce}[4,1] |{d} — {bce}[4,1] {d} — {bce}[4,1]
{ac} — {bde}[3,1]|{ac} — {bde}[3,1] |{ac} — {bde}[3,1]
{ad} — {bce}[3,1]|{ad} — {bce}[3,1] |{ad} — {bce}[3,1]
B 0 — {abe}|4,4/5] |0 — {abe}[4,4/5] 0 — {abe}[4,4/5]
0 — {bcde}[4,4/5]|0 — {bede}[4,4/5] |0 — {bede}[4,4/5]
{a} — {bede}[3,3/4] |{c} — {bcde}[3,3/4]
{c} — {abde}[3,3/4] |{a} — {abde}[3,3/4]
{d} — {abce}[3,3/4] |{d} — {abce}[3,3/4]
RL 0 — {abe}|4,4/5] |0 — {abe}[4,4/5] 0 — {abe}[4,4/5]
0 — {dcde}[4,4/5]|0 — {bcde}[4,4/5] |0 — {bcde}[4,4/5]
{a} — {bede}[3,3/4] [{a} — {bcde}[3,3/4]
{a} — {abde}[3,3/4]
{a} — {abce}[3,3/4]
DG 0 — {be}[5,1] 0 — {be}]5,1] 0 — {be}[5,1]
{bce} — {d}[4,1] |{bce} — {d}[4,1] {bce} — {d}[4,1]
{bde} — {c}[4,1] |{bde} — {c}[4,1] {bde} — {c}[4,1]
PB (or LB) |0 — {abe}[4,4/5 |0 — {abe}[4,4/5 0 — {abe}[4,4/5
0 — {becde}[4,4/5 |0 — {bede}[4,4/5 |0 — {bcde}[4,4/5
{abe} — {cd}[3,3/4] [{abe} — {cd}[3,3/4]
{bede} — {a}[3,3/4] |{bcd} — {a}[3,3/4]
{be} — {acd}[3,3/5]
SB 0 — {abe}[4,4/5] |0 — {abe}[4,4/5] |0 — {abe}[4,4/5]
0 — {bcd}[4,4/5] |0 — {bcde}[4,4/5] |0 — {bcde}[4,4/5]
{abe} — {cd}[3,3/4] [{abe} — {cd}[3,3/4]

Definition 5.2.1. Minimal non-redundant rules (MNR) are defined as:
MNR={(r: X =>Y\X) e AR|-I("" : X' - Y"\X') € AR,v" £ 1 A
X' CXANY' DY Asup(r') = sup(r) A conf (r') = conf (r)}.
Generic basis for strong certain association rules (GB) is defined as:
GB={X - Y\X|Y e FCANXeGY)NX #Y}.

Informative basis for strong approxzimate association rules (ZB) is defined as:

IB={r: X > Y\X|Y e FCANX € GAv(X) CY A conf (r) > minConf}.
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Transitive reduction of informative basis for approximate association rules,
denoted by RZ, is defined as:

RZI ={(X = Y\X) € IBJy(X) is a maximal proper subset of Y in FC}. <

Clearly, RZ C ZB . The rules in ZB that are not present in RZ can be
retrieved by applying confidence transitivity inference [10]. Hence, RZ is equiv-
alent to ZB. In further considerations we will concentrate on ZB. As stated in
[3,10], all strong certain association rules can be derived solely from GB5.

Proposition 5.2.1 [3,10].
a) GB C MN'R.
b) (GB,CCI) is a lossless and informative representation of strong certain rules.

c) IB C MNR.

It was also argued in [3,10] that (ZB,CCI) is a lossless and informa-
tive representation of strong approximate rules. Unfortunately, this claim is
not correct, that is (ZB, CCI) is neither lossless nor informative represen-
tation of strong approximate rules. We will prove that the claim is invalid
by showing a weak point in its proof delivered in [3,10]. It is stated there,
that for a strong approximate rule X — Y\X, there is a frequent genera-
tor X’ C X such that v(X’) = v(X) and there is a frequent closed item-
set Y/ O Y such that Y/ = ~4(Y). Hence, X — Y\X has a corresponding
rule X’ — Y'\X’ in ZB such that sup(X — Y\X) = sup (X’ — Y'\X’) and
conf (X — Y\X) = conf (X’ — Y'\X'). Clearly, in order to determine support
and confidence of X — Y\ X, we need to know how to identify X' — Y"\ X’
among other rules in ZB. In the context of closure-closure rule inference, the
problem counsists in determining the closures v (X),~v(Y) as well as v (X”) for
each rule X” — Y”\X” in ZB. We do not need to determine the closure of ¥Y”
because Y7 is a closed itemset as a base of a rule in ZB, and by definition is
equal to v (Y”). Property 3.4.2 was offered in [3,10] as a method of determining
closures of itemsets. Unfortunately, the property does not guarantee the correct
determination of closures of frequent itemsets, when some frequent closed item-
sets are not known. In the case of Z5, the only known frequent closed itemsets
are the bases of the rules in ZB5. Nevertheless, there is no guarantee that the set
of closures of frequent generators that are antecedents of rules in ZB is contained
in the known frequent closed itemsets! We will prove this observation by means
of the example below showing a case when the closure of an antecedent of a rule
in ZB is not derivable from ZB itself:

Example 5.2.1. Let D be the database from Table 1. Given minSup = 2
and minConf = T77%, one would obtain: ZB = {0 — {abe}[4,4/5],0 —
{bcde}[4,4/5]} (see Table 3). Both rules in ZB have () as an antecedent. We
claim that determining v (@) from ZB is not feasible. The only known closed
itemsets implied by ZB are {abe} and {bcde}, which are the bases of the respec-
tive rules in ZB. The trial to determine v () as the smallest superset among
known closed itemsets (following Property 3.4.2) fails, as both {abe} and {bcde}
are minimal supersets of (). Actually, the real closure of §) is equal to {be}, but
this information is not derivable from Z5. O



Concise Representations of Association Rules 101

The possible inability to determine closures of itemsets correctly may hence
lead to the inability to derive some strong rules or to identifying weak rules
as strong ones. The problem can be solved partially by applying the cover op-
erator that was used so far for reasoning with the RR representation. Below
we provide our newest results, which, in particular, will lead us to the conclu-
sion that (ZB,C) is a lossless representation of strong approximate rules. Let
us start with comparing minimal non-redundant association rules with the RR
representation.

Lemma 5.2.1. MNR = {r € AR|-3r" € AR, 7" #r ANreC(r)
A sup (r') = sup (r) A conf (r') = conf (r)}.
Proof. Follows immediately by definition of MNR and Proposition 3.3.3. O

The lemma above states that a minimal non-redundant rule does not belong
to the cover of another rule having the same support and confidence, although it
may belong to the cover of a rule of different support or confidence. On the other
hand, a representative rule does not belong to the cover of any rule irrespectively
its support and confidence. Therefore, a representative rule is minimal non-
redundant, but not necessarily vice versa.

Corollary 5.2.1. RR € MNR.

We claim that each strong association rule is covered by some minimal non-
redundant association rule of the same support and confidence:

Theorem 5.2.1. Vr € AR 31’ € MNR (r € C(r') Asup(r) = sup(r') A conf (r)
= conf (r')).

Proof. Let 1o € AR. By Lemma 5.2.1, rg € MNR or there is r € AR such that
r # ro,m9 € C (1), sup (r) = sup (ro) and conf (r) = conf (ro) (%) . By Corollary
3.3.1,if r # rg and 1o € C (r), then r /&C (rg) (xx). Now, we will consider two
cases: 1) ro € MNR, 2) rg /€ MNR

Ad. 1) If rg € MN'R, then ry € C (rg) by definition of the cover operator, and
the theorem holds.

Ad. 2) By (%), (xx), and by the fact that the number of rules in AR is finite,
there is a non-empty sequence of rules < rq,... ,r, > in AR such that for all
i,j = 0..n, ¢ < j, the following holds: r; # r;,r; € C(r;),r; /€C(r;), sup(r;) =
sup(rj) = sup(ro), conf(r;) = conf(r;) = conf(rg), and r, is not covered by
another strong association rule of the same support and confidence. Hence, r,, €
MNTR and sup(ry,) = sup(ro), conf (r,) = conf(rg). Now, by Proposition 3.3.4
(of cover transitivity), ro € C(r,), which ends the proof. O

Next, we observe that the union of GB and ZB constitutes MNR.
Lemma 5.2.2.
a)GB={X > Y\X|Y e FCANAX e FGAX CYAy(X)=Y}.
b)IB={r: X -2 Y\X|Y e FCANX e FGAX CYAY(X)#Y A
conf (r) > minConf},
¢) GBUIB={r: X - Y\X|Y e FCANX e FGAX CY A
conf (r) > minConf },
d) GBUIB= MNR,
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e) GB = {r € MNR|conf (r) =1},
f) IB = {r € MNR|conf (r) < 1}.

Proof. Ad. a) Follows the definition of a generator.
Ad.b) Let Y € FC. By Property 2.1d, v (X) CY iff X C Y. Thus, v (X) C Y iff
Y(X)#Y and X CY iff v(X) #Y and X C Y (by that fact that X C v (X)).
Hence, IB={X - Y\X|Y €e FCAX € FGAX CY Ay (X) #Y A conf (r) >
minConf} (each X is frequent as a subset of Y, which is frequent).
Ad. ¢) Follows by Lemma 5.2.2a-b and Property 2.1a implying that Y € FC A
XCYANy(X)=Yisequivalent to Y € FCAX CY Asup(X) = sup(Y).
Ad. d) By Proposition 5.2.1a,c, GBUIB C MNR. Now, it is sufficient to prove
that each minimal non-redundant association rule belongs to GBUZB. The proof
will be made by contradiction: Let (r : X — Y\X) € MNR\(GBUZB). Hence,
by Lemma 5.2.2¢, X /€FG or Y /eFC. Let X' be a subset of X such that
X' €G(v(X)),and Y € v(Y). Then, ' : X’ — Y'\X’ is a strong association
rule such that v # r,sup(r') = sup(r),conf (r') = conf (r),Y C Y’ , and
X D X'. Thus, r € MN'R, which contradicts the assumption.
Ad. e) Follows by Lemma 5.2.2a,c,d and Property 2.1a implying that Y € FC A
XCYAvy(X)=Y isequivalent toY € FCAX CY A sup (X) = sup (V).
Ad. f) Follows by Lemma 5.2.2b-d and the fact that Y € FCAX C YAy (X) #Y
is equivalent to Y € FC A X C Y Asup(X) > sup(Y). O

Lemma 5.2.2 allows us to infer that GB U ZB constitutes a superset of RR
and GB itself is a superset of certain rules in RRs:

Corollary 5.2.2.

a) GBUZIB D RR,

b) GB D {r € RR|conf (r) = 1}.

Proof. Ad. a) Follows immediately by Lemma 5.2.2d and Corollary 5.2.1.

Ad. b) By Corollary 5.2.2a, GBUZB 2 {r € RR|conf (r) = 1}. On the other
hand, by Corollary 5.2.1 and Lemma 5.2.2f, ZB N {r € RR|conf (r) = 1} = 0.
Hence, GB 2 {r € RR|conf (r) = 1}. O

Table 3 illustrates this corollary.

Proposition 5.2.2.
a) Uregpuzs € (r) = AR,

b) U,egr C (r) = {X = Y\X € AR|conf (X — Y\X) =1},
¢) Urers C (1) 2{X = Y\X € ARI1 > conf (X — Y\X) > minConf}.

Proof. Ad. a) The fact that GB U IB is a superset of RR, implies
Uregnuzs € (1) 2 U,crr C (r) = AR. On the other hand, GB U ZB contains
only strong rules, so their covers also contain only strong rules (by Proposition
3.3.1a). Hence, ,.cgpuzs C () = AR.

Ad. b) Let 79 be a rule in AR such that conf (ro) = 1. Then, by Theorem
5.2.1, there is  in MAN'R such that 7o € C (r) and conf (r) = 1. By Lemma
5.2.2e, we conclude further, rg is covered by some rule r in GB. More gener-
ally, each certain rule is covered by some rule in GB; that is (J,cgz(C (1) 2
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{X = Y\X) € AR|conf (X — Y\X) = 1}) (x). On the other hand, for all
regB (C(r) C{(X - Y\X) € AR|conf (X — Y\X) = 1}) by Lemma 5.2.2¢
and Proposition 3.3.1a (#x). The proposition follows immediately by (*) and
Ad. ¢) Follows by Proposition 5.2.2a-b. O

Hence, (GBUZIB,C) (or equivalently, (MN'R,C)) is a lossless and sound
representation of AR (by Proposition 5.2.2a), and (GB, C) is a lossless and sound
representation of strong certain association rules (by Proposition 5.2.2b). By
Proposition 5.2.2¢, (ZB,C) is a lossless representation of strong approximate
association rules (as it derives all strong approximate rules), although potentially
not sound (as it may derive also strong certain association rules). In fact, (ZB, C)
is not sound in general, which proves the example below.

Example 5.2.2. Let D be the database from Table 1. Given minSup = 2
and minConf = T77%, one would obtain: ZB = {0 — {abe}[4,4/5],0 —
{bcde}[4,4/5]} (see Table 3). Let us trace the evaluation of the rule {bc} — {d}
with this ZB. Here, {bc} — {d} belongs to the cover of only one rule in ZB,
namely: § — {bcde}. Thus, the rule {bc} — {d} is identified as strong ap-
proximate with support equal to sup () — {bcde}) = 4 and confidence equal to
conf (0 — {bcde}) = 4/5. This identification is not correct since {bc} — {d} is a
certain rule, which is covered by certain rule {¢} — {bde}[4,1] in GB (see Table
3). Clearly, if we used all rules in both GB and ZB for evaluating {bc} — {d}, we
would not make such a mistake. Undoubtedly, {bc} — {d} belongs to the cover
of both approximate rule: ) — {bcde} and certain rule: {c¢} — {bde}, neverthe-
less the confidence of {bc} — {d} equals to the maximum from the confidences
of the two covering rules; i.e. conf ({bc} — {d}) = conf ({c} — {bde})=1. O

In the next proposition, we specify how to calculate support and confidence
of any strong association rule based on the rules in GB and/or ZB that cover the
evaluated rule.

Proposition 5.2.3.
a) Vr € AR, sup (r) = max{sup (r)|r € C (r'),r" € (GBUZIB)} and
conf (r) = maz{sup (r)|r € C ('), r" € (GBUIB)},
b) Vr € AR, conf (r) = 1 implies sup (r) = maz{sup (r) |r € C (') ,r' € GB},
c) Vr € AR, conf (r) < 1 implies sup (r) = maz{sup (r)|r € C (+'),r' € IB}
and conf (r) = max{sup (r)|r € C (+'),r € IB}.
Proof. Ad. a) Let r € AR. By Proposition 3.3.1a, if there are several rules in
GB U 1B covering r, then support and confidence of r is not less than supports
and confidences of all those covering rules. By Theorem 5.2.1 and Lemma 5.2.2d,
for each rule r in AR, there is a covering rule in GB U ZB of the same support
and confidence as those of r. Hence, support and confidence of r is equal to
maximum from supports and confidences, respectively, of all rules in GB U ZB
that cover r.
Ad. b) By Proposition 5.2.3a, Vr € AR, conf (r) = 1 implies sup (r) = max
{sup(r)|r € C(r"),r" € (GBUIB)}. We are now to prove that GB itself is
sufficient to determine supports of certain rules: Let (r : X — Y\ X) € AR and
conf (r) =1. Let ' : X’ = Y'\ X’ be a rule such that X’ C X, X' € G (v (X))
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and Y/ = 4(Y). Hence, X’ C X C Y C Y/, and sup(X') = sup(X) =
sup (Y) = sup (Y’) (%). Inferring further, X’ # Y’ and r € C (') (xx). Since
r is strong, then Y is frequent, and hence Y’ € FC (x % *). By (%) and Prop-
erty 2.1a, v(X') = v (Y’) and by (x**)~v(Y’) = Y’. Since, X’ is a generator
and v (X') =Y/, then X’ € G(Y”) (x % xx). By (%), (xx), (% %%) and (* * *x),
r" € GB,r € C(r'") and sup (r) = sup (r') . Hence, we proved that for any certain
strong association rule r there is always a covering rule v’ in GB of the same
support.

Ad. ¢) By Proposition 5.2.3a, each strong association rule r has covering rules
in GBUZB that determine its support and confidence. Nevertheless, an approxi-
mate rule (whose confidence is less than 1) cannot be covered by any certain rule
(whose confidence is equal to 1) according to Property 3.3.1a. For this reason, no
rule in GB, which contains only certain rules, covers any approximate rule. By
this observation and Proposition 5.2.3a, sup (r) = maz{sup (r)|r € C (r'") 1" €
IB} and conf (r) = max{sup (r)|r € C (v'),r' € IB}. O

Propositions 5.2.2, 5.2.3 lead us to the following conclusion:

Corollary 5.2.3.

a) (GBUZIB,C) is a lossless, sound and informative representation of AR.

b) (GB,C) is a lossless, sound and informative representation of strong certain
association rules.

¢) (GBUZIB,C) is a lossless, sound and informative representation of strong
approximate association rules.

Proof. Ad. a) By Propositions 5.2.2a and 5.2.3a.

Ad. b) By Propositions 5.2.2b and 5.2.3b.

Ad. c) Follows immediately by Corollary 5.2.3a-b: (GBUZB,C) derives each

strong association rule as well as its support and confidence. If the confidence of

the rule is equal to 1, then the rule is certain. Otherwise it is approximate. 0O

Now, let us return for a while to the RZ representation. Since, ZB can be
obtained from RZ by confidence transition property (CTP), we conclude:
- (RZ,C) is a lossless representation of strong approximate association rules,
although in general it is neither sound nor informative.
- (RTUZIB,C) is a lossless, sound and informative representation of strong ap-
proximate association rules.

One cannot state on theoretical basis what is more concise, RZ or RR. Table
3, illustrates cases, when RR is less concise than RZ (minConf = 70%), the
same as RZ (minConf = 77%), and more concise than RZ (minConf = 50%),
depending on the confidence threshold value. On the other hand, GBURZ, which
derives both strong certain and strong rules correctly, is more numerous than
RR in each case in our example.

5.3 Duquenne-Guigues Basis, Proper Basis, and Related
Representations

In this subsection, we recall after [10,11] a concept of pseudo-closed itemsets and
related representations of association rules based on pseudo- and closed itemsets.
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Next we examine these concepts more thoroughly showing their strong and weak
points and proposing solutions to the weak points:

Definition 5.3.1. An itemset X C I is pseudo-closed iff v(X) # X and VY C
X, such that Y is a pseudo-closed itemset, we have v (Y) C X. The set F'P of
frequent pseudo-closed itemsets is defined as:

FP={X € Fly(X)# X and VY € FP suchthat Y C X,v(Y) C X}.
Duquenne-Guigues basis for certain association rules (DG) is defined as:
DG ={r: X —-~v(X)\X|X € FP}.
Proper basis for approximate association rules (PB) is defined as:
PB={r: X - Y\X|X,Y € FCAX CY A conf (r) > minConf}.

Luzenburger transitive reduction of proper basis for approximate association
rules, denoted by LB, is defined as [10, 11]:

LB ={(X - Y\X) € PB|X is a maximal proper subset of Y in FC}.

Structural basis for strong approzimate association rules (SB) is a subset of the
informative basis and is defined as follows:

SB={(X->Y\X)ePB-3I(X =-Y\X)ePB, X £XA
X'precedes X in the lexicographic order}. &

Clearly, SB C LB C PB. As stated in [10], all strong certain association rules
can be derived solely from DG and all strong approximate association rules can
be derived solely from PB. The certain association rules are derived from GB
by applying Armstrong’s axioms. In the case of SB, the bases of rules in SB are
distinct closed itemsets. The rules in PB that are not present in LB or SB can
be retrieved by applying confidence transitivity property (Property 3.2.1) [10].

Proposition 5.3.1 [10].

a) (DG, AA) is a lossless and non-informative representation of strong certain
rules (confidences of derivable rules are equal to 1, but supports are not
determinable).

b) There is no smaller set of rules than DG from which one could derive all
strong certain association rules.

¢) (PB,CC1I) is a lossless representation of strong approximate rules.

It is also argued in [10] that (PB,CCI) is an informative representation of
strong approximate rules. We disagree with this claim. § However, before we will
prove this, let us provide an example illustrating reasoning with (DG, AA):

Example 5.3.1. Given minSup = 2, one finds the following pseudo-closed item-
sets for database from Table 1: FP = {0, {bce}, {bde}}. Their closures are {be},
{bede}, and {bede}, respectively. Hence: DG = {0 — {be}, {bce}rightarrow{d},
{bde} — {c}} (see Table 3). We will demonstrate the use of DG for evaluating
rule {a} — {be} by means of Armstrong’s axioms. Clearly, Armstrong’s axioms
applied to rule ) — {be} in DG derive {a} — {be} as a certain rule. Nevertheless,

3 It is stated in [11], that (LB, CCI) is an informative representation of strong ap-
proximate rules. Nonetheless, we disagree with that claim either.
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there is no possibility to determine support of {a} — {be}, since DG does not
contain any rule with antecedent or base equal to {abe}. O

When support of a derived certain rule is unknown, one is not able to de-
termine if the rule is strong or not. Hence, we conclude (DG, AA) is a lossless,
although not sound and non-informative, representation of strong certain asso-
ciation rules. [ It however derives only certain rules.

Presented in the literature [10,11] mechanism of reasoning with P85 encoun-
ters the same problems as we faced when discussing reasoning with the GB
and ZB representations: It is stated in [10,11], that for a strong approximate
rule X — Y\X, there are frequent closed itemsets X’ C X and Y/ D Y,
such that X’ = v(X) and Y/ = v (Y). Hence, X — Y\X has a correspond-
ing rule X’ — Y'\X' in PB such that sup (X — Y\X) = sup (X' = Y'\X')
and conf (X — Y\X) = conf (X' — Y'\X'). The rule X’ — Y’\X' can be
identified among other rules in PB by determining X’ and Y’ as the respective
closures according to Property 3.4.2. Nevertheless, it has not been considered in
[10,11] how to evaluate rules that are not strong. Below we prove by means of
an example that (PB,CCI) is neither sound nor informative representation of
strong approximate rules.

Example 5.3.2. Let D be the database from Table 4:

Table 4. Another example database D

Td Transaction For minSup = 2, we have the following frequent

T Tabe} generators and closed itemsets:

T {abe} FG = {06, {b}14), {c}i3},

Ty {abe} FC = {{a}g); {ab} ), {abe} s}

T (ab} The following reprgsentatlons will be extracted for
minConf = 70%:

Is|  {a} DG = {0 — {a}[6,6/6], {ac} — {b}[3,3/3]}, and

To|  {a} PB = {{ab} — {c}[3,3/4]}.

Let us now evaluate a candidate rule {a} — {c} using only PB: Since {ab} —
{c} is the only rule in PB, {abc} is the smallest closed itemset known in PB,
which is a superset of the candidate rule base {ac}, and {ab} is the smallest
closed itemset known in PB, which is a superset of the rule antecedent {a}
(here, PB falsely implies that v ({a}) = {ab}, while in reality v ({a}) = {a}!).
Hence, {a} — {c} is identified as a strong approximate rule with support equal
to sup ({ab} — {c}) = 3 and conf ({ab} — {c}) = 3/4. Nevertheless, looking at
Table 4, one can easily check that conf ({a} — {c}) = 3/6 < minConf. Thus,
{a} — {c} was incorrectly identified with (PB, CCI) as strong approximate. O

The example above proves that (PB,CCI) (and by this (LB,{CCI,CTP})
and (LB, {SB,CTP})) is neither sound nor informative representation of strong
approximate rules and may derive rules with insufficient confidence. We claim
however it is possible to turn (PB,CCI) (and by this (LB,{CCI,CTP}) and

4 Tt is proposed in [11] to augment (DG, AA) with the set of all infrequent pseudo-
clased itemsets (I P) to suppres derivation of certain rules that are not strong.
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(LB,{SB,CTP})) into sound and informative representation by extending it
with DG.

We observe first that, although in general DG is not sufficient to determine
support and closures of itemsets, it is however sufficient to determine whether a
given frequent closed itemset Y is a closure of an itemset X.

Proposition 5.3.2. Let X, Y be itemsets such that X C Y and Y € F.

a) X — Y\ X is derivable from (DG, AA) iff sup(X) = sup (Y),

b) X — Y\ X is derivable from (DG, AA) iff v(X) = v (Y),

¢)Y € CAX — Y\X is derivable from (DG, AA) iff v(X) =Y.

Proof. Ad. a) By Proposition 5.3.1a.

Ad. b) By Proposition 5.3.2a and Property 2.1a.

Ad. ¢) Y e Ciff v(Y) =Y. Inferring further by Proposition 5.3.2b, Y € C and
X — Y\X is derivable from (DG, AA) iff v(Y) =Y A~ (X) = v(Y). Hence,
Y € C and X — Y\ X is derivable from (DG, AA) iff v (X) =Y. O

We will use the proposition above to correct the rule validation procedure
from Example 5.3.2 by additional use of DG:

Example 5.3.3. Let D be the database from Table 4. {a} — {c} is an evaluated
rule. As shown in Example 5.3.2, {ab} — {c} is the only rule in PB that might
be equal to vy ({a}) — v ({ac})\y({a}). We can use DG in order to test if
v({a}) = {ab} and v ({ac}) = {abc}. One may note that (DG, AA) does not
derive {a} — {ab}. (Among rules with {a} in the antedecedent that are derivable
from DG by Armstrong’s axioms, only {a} — {a} is a rule with maximal base.)
Hence, by Proposition 5.3.2¢, v ({a}) # {ab}. Thus, v ({a}) — v ({ac}) \v ({a})
is not equal to the PB’s rule: {ab} — {c}. This way we made certain PB does
not contain v ({a}) — v ({ac}) \y ({a}), and by this {a} — {c} should not be
identified as strong. m]

Example 5.3.3 indicates the following way of determining for any rule if it
is strong approximate or not by means of the closure-closure rule inference and
Armstrong’s axioms applied to PB and DG: Let X — Y\X be a rule under
evaluation. Compare the rule X — Y\ X with the rules in PB as long as either
1) some rule X’ — Y"\ X"’ is found in PB such that v (X) = X’ and v (Y) =Y,
or 2) there is no such rule in PB. In the former case, checking whether v (X) = X’
and v (Y) = Y’ can be carried out by checking if X — X'\X and Y — Y'\Y are
derivable by Armstrong’s axioms from DG (by Proposition 5.3.2¢). If so, then
X — Y\X is a strong approximate association rule (by the closure-closure rule
inference). In the latter case, X — Y\ X is not strong approximate.

Corollary 5.3.1. (PBUDG,{CCI,AA}) (and by this (LBUDG,{CCI, AA})
and (SBUDG,{CCI, AA})) is a lossless, sound and informative representation
of AR.

There is no strict relationship between DG, PB, LB, SB, and the RR repre-
sentation. As shows Table 3, the number of rules in DG, PB, LB, or SB, respec-
tively, can be smaller or greater than the number of rules in RR.
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5.4 Summary of Association Rules Representations

In this section we summarize the properties of the reviewed representations.

Table 5. The RR and closed /pseudo-closed itemsets representations for database from
Table 1 given minSup = 2 and minConf = 77%, 70% and 50%, respectively

Representation|Intended derivable |Inference Lossless|Sound |Informative
rules mechanism
RR AR C yes yes no
gB certain AR C yes yes yes
B approximate AR |C yes no* no
RT approximate AR |C,CTP yes no* no
IB using GB |approximate AR |C yes yes yes
RZ using GB |approximate cal AR|C,CTP yes yes yes
DG certain AR AA yes no** no
PB approximate AR |CCI yes no no***
LB (or SB) approximate AR |CCI,CTP yes no no***
PB using DG |approximate AR |AA,CCI yes yes yes
LB (or SB) approximate AR |AA,CCI,CTP| yes yes yes
using DG

(*) Cover operator derives not only strong approximate association rules from ZB (RZ),
but also strong certain ones.

(**) Armstrong’s axioms derive only certain rules from DG, but in general it is not
known which of them are strong or not, since their supports may be not derivable.

(***) Support and confidence is determined properly for strong association rules. For
other rules that are derivable from PB (LB, SB), support or confidence is calculated
improperly.

All the presented representations contain only rules whose bases are frequent
closed itemsets and whose antecedents are frequent generators (RR, MNR,
GB, IB,RI) or closed itemsets (PB,LB,SB) or pseudo-closed itemsets (DG).
Hence, all the representations except for DG are directly derivable from the
lossless concise representations of frequent itemsets.

6 Conclusions

The paper was devoted to theoretical aspects of concise representations of as-
sociation rules. We have pointed out that representations of strong association
rules that are not sound are of no value even if lossless. We note that the no-
tion of a representation of association rules must involve two parts: a set of
rules and an associated inference mechanism. It is important to associate a
suitable inference mechanism with each rule representation. In particular, we
have shown that (ZB, CCI) (and by this (RZ,{CCI,CTP})) is neither lossless,
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nor sound, nor informative representation of strong approximate rules, however
(ZB,C) (and by this (RZ,{C,CTP})) is lossless. In addition, we have shown
that (PB,CCI) (and by this (LB,{CCI,CTP}) and (SB,{CCI,CTP})) is
neither sound nor informative representation of strong approximate rules. We
suggested to extend the representations of strong approximate rules (such as
(IB,C) and (PB,CCI)), which are not sound, with respective representations
of strong certain rules ((GB,C) and (DG, AA), respectively) in order to make
the former ones sound and informative. Clearly, the disadvantage of this solution
is increase in the size of the representations.

We have identified relationships between the representative rules and generic
and informative basis. In particular, we have proved that the union of GBB and ZB
is equal to MANR and always constitutes a superset of RR. For a toy dataset,
we have shown cases when RR is more concise than all the other representa-
tions (i.e. MNR,GB,ZB,RZ, DG, PB,SB,LB). Some counter-examples for the
toy dataset were also provided.
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Abstract. Recently inductive databases (IDBs) have been proposed to
afford the problem of knowledge discovery from huge databases. Query-
ing these databases needs for primitives to: (1) select, manipulate and
query data, (2) select, manipulate and query “interesting” patterns (i.e.,
those patterns that satisfy certain constraints), and (3) cross over pat-
terns and data (e.g., selecting the data in which some patterns hold).
Designing such query languages is a long-term goal and only preliminary
approaches have been studied, mainly for the association rule mining
task. Starting from a discussion on the MINE RULE operator, we identify
several open issues for the design of inductive databases dedicated to
these descriptive rules. These issues concern not only the offered prim-
itives but also the availability of efficient evaluation schemes. We em-
phasize the need for primitives that work on more or less condensed
representations for the frequent itemsets, e.g., the (frequent) §-free and
closed itemsets. It is useful not only for optimizing single association rule
mining queries but also for sophisticated post-processing and interactive
rule mining.

1 Introduction

In the cInCﬂ project, we want to develop a new generation of databases, called
“inductive databases” (IDBs), suggested by Imielinski and Mannila in [15] and
formalized in, e.g., [L0]. This kind of databases integrate raw data with knowledge
extracted from raw data, materialized under the form of patterns into a com-
mon framework that supports the knowledge discovery process within a database
framework. In this way, the process of KDD consists essentially in a querying
process, enabled by an ad-hoc, powerful and universal query language that can
deal either with raw data or patterns and that can be used throughout the whole
KDD process across many different applications. We are far from an understand-
ing of fundamental primitives for such query languages when considering various
kinds of knowledge discovery processes. The so-called association rule mining

! This research is part of the cInQ project (IST 2000-26469) that is partially funded
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process introduced in [1] has received a lot of attention these last five years and
it provides an interesting context for studying the inductive database framework
and the identification of promising concepts. Indeed, when considering this kind
of local pattern, a few query languages can be considered as candidates like the
MINE RULE operator [23], MSQL [16], and DMQL [14] (see also [5] for a critical
evaluation of these three languages).

A query language for IDBs, is an extension of a query language that includes
primitives for supporting every step of the mining process. When considering
association rule mining, it means that the language enables to specify:

— The selection of data to be mined. It must offer the possibility to select (e.g.,
via standard queries but also by means of sampling), to manipulate and to
query data and views in the database. Also, primitives that support typical
preprocessing like quantitative value discretization are needed.

— The specification of the type of rules to be mined. It often concerns syntactic
constraints on the desired rules (e.g., the size of the body) but also the
specification of the sorts of the involved attributes.

— The specification of the needed background knowledge (e.g., the definition
of a concept hierarchy).

— The definition of constraints that the extracted patterns must satisfy. Among
others, this implies that the language allows the user to define constraints
that specify the interestingness (e.g., using measures like frequency, confi-
dence, etc) on the patterns to be mined.

— The post-processing of the generated results. The language must allow to
browse the collection of patterns, apply selection templates, cross over pat-
terns and data, e.g., by selecting the data in which some patterns hold, or
to manipulate results with some aggregate functions.

The satisfaction of a closure property, i.e., the user queries an inductive
database instance and the result is again an inductive database instance is cru-
cial for supporting the dynamic aspect of a discovery process and its inherent
interactivity. This closure property can be achieved by means of the storage of
the extracted patterns in the same database.

Contribution. Relating the inductive database framework with constraint-based
mining enables to widen the scope of interest of this framework to various contri-
butions in the data mining and machine learning communities. Then, we consider
that it is useful to emphasize the interest of several condensed representations
for frequent patterns that have been studied the last three years. However, al-
gorithms for mining these representations have been already published and will
not be discussed here. Only a few important conceptual issues like regeneration
or the need for constrained condensed representations are discussed. Last, we
sketch why these concepts are useful not only for the optimization of a single
association rule mining query but also for sophisticated rule post-processing and
interactive association rule mining.
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Organization of the paper. First, we discuss the MINE RULE proposal to identify
several open issues for the design of inductive databases dedicated to association
rule mining (Section 2). It concerns not only the offered primitives but also the
availability of efficient evaluation schemes. In Section 3, we provide a formal-
ization of the association rule mining task and the needed notations. Then, in
Section 4, we emphasize the need for primitives that work on more or less con-
densed representations for the frequent itemsets, e.g., the (frequent) d-free and
closed itemsets. In Section 5, the use of these condensed representations for both
the optimization of inductive queries and sophisticated rule post-processing is
discussed.

2 The MINE RULE Operator [23]

Throughout this paper, we use the MINE RULE query example of Figure[l on the
relational database of Table[Il The database records several transactions made
by three customers in a store on different dates. The result of such a query is a
set of frequent and valid association rules. A rule like Coffee Boots = Darts is
frequent if enough customers buy within a same transaction Coffee, Boots and
Darts. This rule is said valid if a customer who buys Coffee and Boots tends
to buy Darts either.

Association rules are mined from a so-called transactional database that must
be specified within the query. The FROM clause of the query specifies which part
of the relational database (using any valid SQL query) is considered to con-
struct the transactional database (e.g., given the used WHERE clause, only the
transactions done after Nov. 8 are used). The GROUP BY clause specifies that the
rows of the purchase table are grouped by transactions to form the rows of the
transactional database (e.g., another choice would have been to group the rows
by customers). In our query example, the result of this grouping/selection step
is the transactional database T of Figure

The specified transactional database is used to perform association rule min-
ing under constraints. The SELECT clause specifies that the body and head of
the rules are products (a rule has the form body = head where body and
head are sets of products) and that their size is greater than one (with no
upper bound). This query also defines the constraints that must be fulfilled
by the rules. The rules must be frequent (with a frequency threshold of 0.5),
valid (with a confidence threshold of 0.7), and must satisfy the other constraints
expressed in the SELECT clause: Co(X = Y) = VA € Y, Aprice > 100 and
C(X =Y)=|(XUY)N{Album, Boots}| < 1. C, means that all products in the
head of the rule must have a price greater than 100 and C, means that the rule
must contain at most one product out of {Album, Boots}. Finally, the answer to
this query is the set of rules that satisfy Cgeq ACcont ACq ACy on the transactional
database T of Figure 2

Let us now review some of the open problems with the MINE RULE proposal.

— Data selection and preprocessing. Indeed, query languages based on SQL en-
able to use the full power of this standard query language for data selection.
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Table 1. Part of the purchase table.

tr. cust. product date price
1 cust; Coffee Nov. 8 20
1 custy; Darts Nov. 8 50
2 custe Album Nov. 9 110
2 custy Boots Nov. 9 120
2 custs Coffee Nov. 9 20
2 custe Darts Nov. 9 50
3 cust; Boots Nov. 9 120
3 cust; Coffee Nov. 9 20
4 custsz Album Nov. 10 110
4 custs Coffee Nov. 10 20

MINE RULE result AS
SELECT DISTINCT l..n product AS BODY,
1..n product AS HEAD, SUPPORT, CONFIDENCE
WHERE HEAD.price> 100 AND
|(HEAD U BODY) N {Album, Boots}| < 1
FROM purchase WHERE date > Nov. 8
GROUP BY transaction
EXTRACTING RULES WITH SUPPORT: 0.5, CONFIDENCE: 0.7

Fig. 1. A MINE RULE query on the purchase database.

It is out of the scope of this paper to discuss this phase but it is interesting
to note that MINE RULE offers no specific primitive for data preprocessing
(e.g., discretization) and that the other languages like MSQL offer just a few
[16]. Preprocessing remains ad-hoc for many data mining processes and it is
often assumed that it is performed beforehand by means of various software
tools.

The specification of the type of rules to be mined is defined in MINE RULE by
the SELECT clause. It enables the definition of simple syntactic constraints,
the specification of the sorts of attributes, and the definition of the so-called
mining conditions that can make use of some background knowledge. Using
MINE RULE, it is assumed that this knowledge has been encoded within the
relational database.

In MINE RULE, it is possible to define minimal frequency and minimal confi-
dence for the desired rules.

Rule post-processing. When using MINE RULE, no specific post-processing
primitive is offered. This contrasts with the obvious needs for pattern post-
processing in unsupervized data mining processes like association rule min-
ing. Indeed, extracted rules can be stored under a relational schema and
then be queried by means of SQL. However, it has been shown (see, e.g.,
[5]) that simple post-processing queries are then quite difficult to express.
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To the best of our knowledge, in the MINE RULE architecture, the collection
of frequent itemsets and their frequencies is not directly available for further
use. It means that the computation of other interestingness measures like
the J-measure [29] is not possible without looking again at the data. For
rule post-processing, MSQL is richer than the other languages in its offer
of few built-in post-processing primitives (it reserves a dedicated operator,
SelectRules for these purposes and primitives for crossing over the rules
to the data). However, none of the proposed languages supports complex
post-processing processes (e.g., the computation of non redundant rules) as
needed in real-life association rule mining.

It is useful to abstract the meaning of such mining queries. A simple model
has been introduced in [22] that considers a data mining process as a sequence
of queries over the data but also the theory of the data. Given a language L
of patterns (e.g., association rules), the theory of a database r with respect to
L and a selection predicate g is the set Th(r,L,q) = {¢ € L | q(r, p) is true}.
The predicate g indicates whether a pattern ¢ is considered interesting (e.g.,
g specifies that ¢ is “frequent” in r). The selection predicate can be defined
as a combination (boolean expression) of atomic constraints that have to be
satisfied by the patterns. Some of them refer to the “behavior” of a pattern in
the data (e.g., its “frequency” in r is above a threshold), some others define
syntactical restrictions on the desired patterns (e.g., its “length” is below a
threshold). Preprocessing defines r, the mining phase is often the computation
of the specified theory while post-processing can be considered as a querying
activity on a materialized theory or the computation of a new theory. A “generate
and test” approach that would enumerate the sentences of £ and then test
the selection predicate ¢ is generally impossible. A huge effort has concerned
the “active” use of the primitive constraints occurring in ¢ to have a tractable
evaluation of useful mining queries.

Indeed, given the (restricted) collection of primitives offered by the MINE
RULE operator, it is possible to have an efficient implementation thanks to the
availability of efficient algorithms for computing frequent itemsets from huge but
sparse databases [2]26]. To further extend both the efficiency of single query eval-
uation (especially in the difficult contexts where expressive constraints are used
and/or the data are highly-correlated), the offered primitives for post-processing
and the optimization of sequence of queries, we now consider an abstract frame-
work in which the impact of the so-called condensed representations of frequent
patterns can be emphasized.

3 Association Rule Mining Queries

Assume that Items is a finite set of symbols denoted by capital letters, e.g.,
Items= {A,B,C,...}. A transactional database is a collection of rows where each
row is a subset of Items. An itemset is a subset of Items. A row r supports
an itemset S if S C r. The support (denoted support(S)) of an itemset S is
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the multi-set of all rows of the database that support S. The frequency of an
itemset S is |support(S)|/|support(P)| and is denoted F(S). Figure 2] provides
an example of a transactional database and the supports and the frequencies of
some itemsets. We often use a string notation for itemsets, e.g., AB for {A,B}.

An association rule is denoted X = Y where X NY = () and X C Items
is the body of the rule and Y C Items is the head of the rule. The support and
frequency of a rule are defined as the support and frequency of the itemset X UY .
A row r supports arule X = Y if it supports X UY. A row r is an exception for
arule X = Y if it supports X and it does not support Y. The confidence of the
ruleis CF(X =Y)=F(X =Y)/F(X) = F(XUY)/F(X). The confidence
of the rule gives the conditional probability that a row supports X UY when
it supports X. A rule with a confidence of one has no exception and is called
a logical rule. Frequency and confidence are two popular evaluation functions
for association rules. Interestingly, the association rule mining task is not well
specified as a theory computation. Indeed, in this kind of process, we need not
only the patterns that satisfy ¢ but also the results of some evaluation functions
for each of these selected patterns.

We now define constraints on itemsets and rules.

Definition 1 (constraint). If B denotes the set of all transactional databases
and 2" the set of all itemsets, an itemset constraint C is a predicate over
2ttems B Similarly, a rule constraint is a predicate over R x B where R is the set
of association rules. An itemset S € 2™ (resp. a rule R) satisfies a constraint
C in the database B € B iff C(S,B) = true (resp. C(R, B) = true). When it is
clear from the context, we write C(S) (resp. C(R)). Given a subset I of Items,
we define SATc(I) = {S € I, S satisfies C} for an itemset constraint (resp. if J
is a subset of R, SAT¢(J) = {R € J, R satisfies C} for a rule constraint). SAT¢
denotes SAT¢(27°") or SAT¢(R).

We can now define the frequency constraint for itemsets and the frequency
and confidence constraints for association rules. Cieq(S) = F(S) > 7, Cireq(X =
Y)=F(X =Y)>79 Cnt(X =Y) =CF(X =Y) > 0 where v is the
frequency threshold and 6 the confidence threshold. A rule that satisfies Cgeq is
said frequent. A rule that satisfies Ceons is said valid.

Example 1 Consider the dataset of Figure [d where Items= {A,B,C,D}. If the
frequency threshold is 0.5, then with the constraint Cp(S) = |S N {A, B} < 1,
SATe¢,, . .nc, = {0,A,B,C,AC,BC} If the confidence threshold is 0.7, then the rules
satisfying the constraint of Figuredl are SATc, acyACheqACeon: = 10 = A,C = A}

conf

Let us now formalize that inductive queries that return itemsets or rules must
also provide the results of the evaluation functions for further use.

Definition 2 (itemset query). A itemset query is a pair (C,r) where r is
a transactional database and C is an itemset constraint. The result of a query
Q = (C,r) is defined as the set Res(Q) = {(S,F(S))|S € 2™ AC(S) = true}.
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Itemset Support Frequency

to|ABCD
t2 BC A {t27t47t57t67t7} 083
t3 AC B {t2,t3,t6,t7} 0.67
= . AB {t2>t67t7} 0.5
t5|AC
AC  {ta,ta,ls,t6,t7}  0.83
te|ABCD
t-|ABC CcD {t2,t6} 0.33
' ACD {ta, te} 0.33

Fig. 2. Supports and frequencies of some itemsets in a transactional database. This
database is constructed during the evaluation of the MINE RULE query of Figure [
from the purchase table of Table [I]

Definition 3 (association rule query). An association rule query is a pair
(C,r) where r is a transactional database and C is an association rule con-
straint. The result of a query @ = (C,r) is defined as the set Res(Q) =
{(R, 7(R),CF(R))

|[R € R AC(R) = true}.

The classical association rule mining problem can be stated in an associa-
tion rule query where the constraint part is the conjunction of the frequency and
confidence constraint [I]. Our framework enables more complex queries and does
not require that the frequency and/or frequency constraints appear in C. How-
ever, if the constraint C is not enough selective, the query will not be tractable.
Selectivity can not been predicted beforehand. Fortunately, when the constraint
has some nice properties, e.g., it is a conjunction of anti-monotone and mono-
tone atomic constraints, efficient evaluation strategies have been identified (see
the end of this section).

Our definition of an association rule query can also be modified to include
other quality measures (e.g., the J-measure [29]) and not only the frequency and
the confidence.

Computing the result of the classical association rule mining problem is gen-
erally done in two steps [2]: first the computation of all the frequent itemsets and
their frequency and then the computation of every valid association rule that
can be made from disjoint subsets of each frequent itemset. This second step is
far less expensive than the first one because no access to the database is needed:
only the collection of the frequent itemsets and their frequencies are needed.

To compute the result of an arbitrary association rule query, the same strat-
egy can be used. First, derive an itemset query from the association rule query,
then compute the result of this query using the transactional database and fi-
nally generate the association rules from the itemsets. For the first step, there is
no general method. This is generally done in an ad-hoc manner (see Example )
and supporting this remains an open problem. The generation of the rules can
be performed by the following algorithm:

Algorithm 1 (Rule_Gen) Given an association rule query (r,C) and the re-
sult Res of the itemset query, do:
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For each pair (S,F(S)) € Res and for each T C S
Construct the rule R :=T = (S —T)
Compute F(R) := F(S) and CF(R) := F(S)/F(T).
Output (R, F(R),CF(R)) if it satisfies the rule constraint C.

Since the database is used only during the computation of itemsets, the
generation of rules is efficient.

Example 2 The constraint used in the query of Figure[d is: Cor(X = Y)
Cireq N Coont N Co(X = Y)AC(X = Y) where Co(X = Y) = VA
Y, Aprice > 100 and Cp(X = Y) = [(X UY) N {Album, Boots}| < 1. G
can be rewritten as an itemset constraint: Cy(S) = |S N {Album,Boots}| < 1.
Furthermore, since (as specified in the MINE RULE query) rules cannot have
an empty head, Co(X = Y) = VA € Y, Aprice > 100 A CL(X UY) where
C.(S)=|SN{I € Items, I.price > 100}| > 1 is a useful itemset constraint.

Finally, we can derive an itemset query @Q; = (C;,r) with the constraint
Ci = Crreq N Cy ACl, and be sure that the result of this itemset query will allow
the generation of the result of the association rule query @ = (Cur,r) using
Algorithm [

m |l

The efficiency of the extraction of the answer to the itemset query relies on the
possibility to use constraints during the itemset computation. A classical result is
that effective safe pruning can be achieved when considering anti-monotone con-
straints [2226]. It relies on the fact that if an itemset violates an anti-monotone
constraint then all its supersets violate it as well and therefore this itemset and
its supersets can be pruned.

Definition 4 (Anti-monotonicity). An anti-monotone constraint is a con-
straint C such that for all itemsets S, S’: (S C S AC(S)) = C(5").

The prototypical anti-monotone constraint is the frequency constraint. The
constraint C;, of Example P]is another anti-monotone constraint and many other
examples can be found, e.g., in [26]. Notice that the conjunction or disjunction
of anti-monotone constraints is anti-monotone.

The monotone constraints can also be used to improve the efficiency of item-
set extraction (optimization of the candidate ge